Version: November 13, 2022
Heterogeneous Attitudes toward Risk, Growth, and Redistribution

Aloisio Pessoa de Araujo
IMPA and EPGE/FGV

Juan Pablo Gama

Universidade Federal de Minas Gerais

Timothy J. Kehoe

University of Minnesota,
Federal Reserve Bank of Minneapolis,
and National Bureau of Economic Research

ABSTRACT

We develop an endogenous growth model of overlapping generations in which agents leave warm-glow
bequests. There are dynasties of risk neutral investors and dynasties of risk averse investors. We start with
a simple model in which risk averse investors can invest only in a safe asset while risk neutral investors,
whom we often refer to as entrepreneurs, can invest in a risky asset with a higher expected return. This
simple structure allows us to analytically calculate the invariant distributions of wealth holdings. We define
a social welfare function for this model and calculate tax and transfer policies that maximize social welfare
in the invariant distribution. We extend our results to models where (1) risk averse investors can invest in
the risky asset, (2) a fraction of risk neutral parents have risk averse children and vice-versa, and (3) there
is both labor and capital and endogenous wages and rental rates.

Keywords: Endogenous growth, Inequality, Redistribution, Overlapping generations, Invariant
distribution, Social welfare function.

JEL Codes: C62, D51, H21, O4

* We thank participants at the seminar at IMPA, the Federal Reserve Bank of Minneapolis, Uni-
versity of Chicago, University of Minnesota for comments, and NYU especially Fabrizio Perri,
Ellen Phelan, Manuel Amador, Jonathan Heathcoat, Varadarajan Chari, Lars Hansen, Jim Heck-
man, Nancy Stokey, Harold Uhlig, Alberto Bisin, Jess Benhabib, and Debraj Ray. The authors
gratefully acknowledge financial support from CAPES. Gama thanks IMPA for generous financial
support. The views expressed herein are those of the authors and not necessarily those of the Fed-
eral Reserve Bank of Minneapolis or the Federal Reserve System.



1. Introduction

The role of inequality and taxation in growth has been extensively studied in a variety of
models. Kuznets (1955) was one of the first economists who analyzed economic growth and ine-
quality. In his model, inequality tends to increase once the economic growth increases due to in-
dustrial revolution since low productivity labor with low inequality among workers is substituted
with high productivity labor with high inequality among workers. Once the country achieves a
middle-high level of industrialization, however, inequality decreases due to the development of a
welfare state.

More recently, several authors analyzed theoretical models in which growth and inequality
could be analyzed by general equilibrium models. Persson and Tabellini (1994) studied the impact

of growth and inequality in democratic countries. In their model, redistributive taxes may affect

the accumulation of capital implying a reduction in the long-term growth. [Alesina and Rodrik] [Comentado [TJK1]: Refer to later ]

(1994) developed a model with capitalists and workers in which the optimal taxes with the highest
growth rates benefitted capitalists more.

For most of the classical literature in growth and inequality, taxes and redistribution have
a negative impact on growth due to the loss of capital in the economy. More recently, some authors
including [Persson and Tabellini (1994) and Perotti (1996) argued that inequality has a negative
impact on the amount of capital invested in the firms due to a possible increment in redistributive
taxes caused by a high level of inequality in the economy. Most of the authors who argued that
inequality and growth are inversely correlated, as the ones mentioned before, based their studies

on empirical evidence using cross-country growth regressions. However, as Temple (1999) ar-

gued, most of these studies have been criticized due to the fragility of several of their results and | Comentado [TJK2]: Refer to literature on redistributive
taxation and capital accumulation. Put this later.

their ad hoc specialization.

We |consider three models, one without growth bnd two with endogenous growth rate and {Comentado [TJK3]: Replace with extended version of ab- }
stract

heterogeneous production technologies - one with segmentation and one with risk lovers - to ana-
lyze the dynamics of taxation in OLG economies with risk lovers. In the latter models, taxes and
redistribution have a negative impact on growth if the more productive technologies involve larger
amount of idiosyncratic risk. However, taxation on bequest and income have different effects on
growth and inequality. Moreover, in absence of taxes, the most productive technologies will dom-

inate the economy in the long run, and inequality in the long run will depend mainly on the risk



that the most productive one involves. In the presence of taxes and different expected technology
returns, bequest or income taxes ensure the existence of an invariant distribution of wealth among
the agents and an invariant growth rate of the economy. We also show that the invariant distribu-
tion with a single positive type of tax with constant marginal tax rate is also ergodic as in Piketty
(1997), but only among the agents of the same type. Therefore, there is no poverty trap among the
agents with the most productive and most risky technologies. Among the agents that do not have
access to the most productive technologies, their wealth might not reach the top in any future date.

The study of the models are closely related. The distribution and convergence to the invar-
iant distribution of the former model is strongly related to the latter ones. Additionally, the second
one can be seen as a restricted case of the latter if the risky technology is more productive than the
safe one as we assume in most part of the article, allowing us to have a better understanding of the
latter model.

We study optimal taxation by introducing a central planner who chooses taxes to maximize
the social welfare of the economy. We show that the social welfare function of the social planner
can be written as the sum of three independent functions. The first one depends only on growth,
the second one depends only on inequality, and third one depends only on the difference of the
discount factors of the agent and the social planner. The first one is directly correlated with the
growth rate of the economy, implying that the presence of low taxes might be optimal in some
cases. The second function is inversely correlated with the inequality of the invariant distribution
which implies that high taxes might be optimal in some cases. We prove that bequest taxes are
always worse than income taxes for discount rate of the agents and the social planner.

We also find that, for a fixed discount rate of the consumers?, the optimal taxation is strictly
decreasing on how the social planner discounts the future. Moreover, the optimal tax is such that
the invariant wealth distribution tends to a completely equal one if the social planner strongly
discounts the future. On the other hand, the optimal tax is zero if the social planner does not dis-
count the future at all. The intuition behind these results is that, if a social planner discounts the
future strongly, the weight of distant dates and the growth rate become almost irrelevant. There-
fore, the social welfare function is dominated by the inequality effect. However, if a social planner

L We consider the discount rate of the agent as the bequest rate since, as we will show latter
on, the bequest is a form of how the agent is concerned about his/her descendants' future
consumptions.



discounts the future very weakly, the weight of future consumption will dominate the inequality
effect even when both effects are considerably large. Note that, in the presence of a social planner
that almost does not discount the future, inequality affects strongly the social welfare function due
to the presence of a very unequal distribution of wealth that causes a high impact in the social
welfare function.

We developed an overlapping generations model with bequest as in Galor and Zeira (1993).
To analyze the impact of different production technologies on the accumulation of wealth, we use
a model with bequest and idiosyncratic uncertainty on the technologies as in Piketty (1997). How-
ever, we consider frictions on the use of the technologies separating the agents in two groups:
skilled and unskilled, and risk lovers and risk averters. As it was mentioned before, we also con-
sider redistributive taxes as in Alesina and Rodrik (1994). The impact of different technologies
with different levels of idiosyncratic uncertainty can also be related to models with different atti-
tudes toward risk as in Araujo, Gama and Kehoe (2017) and Araujo, Chateauneuf, Gama and
Novinski (2018).

The idea that high taxes should be imposed due to the existing spread between asset returns
and real returns has been explored by Piketty and Saez (2014). They argued that changes in growth
rate in western economies, mainly in the US, has a strong impact on inequality due to the gap
among the interest rate and the real GDP growth rate. Other authors as Lindert and Williamson
(2016) studied long term data to analyze the inequality in the US economy since colonial times.
Bargain et al. (2015) made a deeper analysis of the tax policy and inequality from 1979-2007 in
which changes in the tax policy increased income inequality causing more accumulation among
the top one percent. Weide and Milanovic (2014) showed with a study on micro data of the US
economy from 1960 to 2010 that high levels of inequality reduce the economic growth of the poor,
but it might enhance the economic growth of the rich. Benhabib, Bisin, and Zhu (2011, 2015,
2016), Jones (2015), and Acemoglu and Robinson (2015) analyze income or wealth distribution
with taxation. Gabaix, Lasry, Lions, and Moll (2016) (analytically), and Aoki and Nirei (2017)
(numerically) analyze the dynamics of income distribution with taxes. And Garcia-Pefialosa and
Wen (2008) analyze the effect of taxation on growth with risk averse agents. Most of works men-
tioned above support the idea analyzes Pareto distribution of wealth or income. Moreover, Ben-
habib, Bisin, and Zhu (2011, 2015, 2016) found conditions to generate fat tails for transformation
processes induced by investment risk. On the other hand, Beare and Toda (2018) show that tails



of wealth distribution decay exponentially in a heterogeneous-agent dynamic general equilibrium
model with idiosyncratic endowment risk. Our model has larger similarities with the former than
with the latter. However, we analyze the effect of different marginal taxation rate on growth, show-
ing that there is a trade off between growth and taxation for middle and high marginal taxation
rates from which there is no empirical evidence against it.

Our results support some of the ideas mentioned above since low taxes imply higher growth
rates and high levels of inequality. At the same time, a reduction of income taxes in our model will
change the invariant distribution to a more unequal one, then it will cause a gradual increment of
the inequality supporting several empirical studies mentioned above. Moreover, our model suggest
that changes in the tax policy may be based on changes on how the social planner discounts the
future compared with the other agents do so.

There is an important exception to our result that taxes reduce growth: We identify param-
eter values for the model where agents are restricted to invest in only one type of assets in which
high enough taxes and transfers insure risk averters and induce poor risk averters to invest in the
risky asset. Those risk averters who are lucky and accumulate a large enough level of wealth
choose to switch to investing in the safe asset. In this case, increasing taxes and increases growth
and the welfare of risk averters although it decreases the welfare of risk lovers.

The paper is organized as follows. In section 2, we define the basic model including the
notion of equilibrium. In subsection 2.2, we define the basic properties of the model including the
relationship between growth and inequality without taxes, and, in subsection 2.3, we analyze the
basic properties with taxes. In section 2.4, we show the existence of an invariant growth rate, an
invariant distribution of wealth among the agents and their basic properties. In section 2.5, we
analyze the existence of optimal taxes by a social welfare function, and we also prove the basic
properties of this function and of the optimal taxes. In subsection 2.6, we give some numerical
examples that help us to the analysis made in section 2.5. In section 3, we analyze the case with
effort cost and the extension to a model with capital and labor. Finally, in section 4, we give some
concluding remarks.

2. Model with production and segmentation and taxation

Let us consider an overlapping generation economy with a continuum of two-period agents (young
and old). There are two different types of agents unskilled or type a, and unskilled or type I. The

former can use only one of the available technologies in the economy. On the other hand, the latter
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can invest in the two types of technologies available. These technologies are linear and represented
by Rs: {1,2} = R, and Rg: {1,2} = R, where Ry is the safe one, the technology available for both
types of agents, and Ry, is the risky one, available for the skilled agents only. Then, the returns of
the safe technology are represented by a constant value Rg > 0, and the returns of the risky tech-
nology are represented by the vector (ﬁR,BR) where Ry > 0 if event 1 occurs, and Ry = 0 ifevent
2 occurs. Note that the probability of each event is equal to 1/2 and independent among the agents.
Due to the risk involved in the technologies used by the agents, each agent is exposed to idiosyn-
cratic risk caused by the uncertainty of the technologies used. Then, the uncertainty in our model
is independent among the agents, which implies that, in the aggregate economy, there is no aggre-
gate uncertainty. Note also that the investment in one of the technologies by an agent is a one-
period investment.

For any date t > 1, there is a single consumption good at every state s with date t > 1 that
the young agents will use it to invest in the technologies, and the old agents will use it to consume,
ck, and to give a bequest, b, to his successor. All the agents give a bequest that is a proportion of
the agent's total wealth. In t = 0, there is no consumption since there is no old generation, and
every young agent has an initial endowment w¢, to be invested in the technologies.

2.1.Taxes
At each state s of length t > 1, there is an income tax r’:(-) and bequest tax TB:(') imposed for
any agent if her level of income, consumption and bequest is above some threshold Wi and B,
respectively. Additionally, there is also an income subsidy 7/ (-) and bequest subsidy = ()
given to any agent with an income, consumption, and bequest below some threshold W, and B,
respectively. For simplicity, each type of tax will be summarized by t/;(-) = TI:(') + r’s_(~) and
8,() = 187 () + 8, (). From now on, each type of tax is defined by a constant marginal tax

rate above the upper threshold and a constant marginal subsidy rate below the lower threshold.
r’:,-r’s_ € [0,1] are the marginal rates related to the income policy, the ones related with con-
sumption, and TB:,TBS_ € [0,1] the ones related with bequests. Therefore, the income tax men-

— _+ _ +
tioned above can be written as t/(x) = r’:(x -Wy) +7 (ws - x) and the bequest tax can

+
B

— + BT + )
be written as 8¢ (b) = 5 (b - By) 1;;; (Qs - b) . Note that the marginal tax rates T+

1-t



and 8% as well as the thresholds are exogenously defined by the central planner. On the other
hand, the marginal subsidy rates 7,~ and 77~ are endogenously determined in equilibrium to en-
sure a balanced government budget.

Therefore, the government can define the tax policy by choosing the marginal tax rates T/,

and 7€+ and the thresholds W , W, B_and By. For simplicity, W, = W = W, where W is the

average income of the economy in state s, and By = B = b, Where b, is the average bequest of

the economy in state s. Therefore, 7i* = 7/~ = 7., and 8+ = 18- = 7.
Additionally, we will suppose that
Rp > Rg=Rg >Rz =0 (3.1)

which implies that the R-technology involves higher levels of risk compared to the S-technology

such that
E[Rg] = 5 = E[Rs] (32)
where § € (0,1) is the natural bequest rate that will be explained properly latter on.

As it was mentioned above, the initial endowment is given by an initial amount of the

available good, {wfi]}f, and then, the problem of the agent [ in the first date is defined by

1, 1,
max Su'(e1,b1) +5u'(cz, by)
st O + 65 < wi,
B
T — —
0<c¢ +b + ﬁ(bl) < RO + Rs05 — 75(Rz0Og + Rsbs),
S
73 _
0< Cy + b2 + 1— ‘[B (bz) < RRGR + ngs - T_SI- (ERQR + R595>.
S

where u!(c, b) is the utility index of the agent i. For t > 1, wf) is substituted by bé the bequest
that the agent i receives from her predecessor at state s. Each agent has a utility index given by

ui(c,b) = c1=8p°, Using the form of the tax policy, the budget constraint when the agent i is old

can be written as



—-B _ _ _
0<c, ++b + 1’—S_B(b1 — bs) < ReBg + Ry + Tg(Ws — Rrbr — Rsbs),
=

_B _
0= ¢ +by +—5 (b, — be) < Rebp + Rsfls + 7, (WS — Rpbp — R595>.
-

Then, each agent receives three types of transfers that depends on the average income, consump-

tion, and bequest. Additionally, income tax reduces the agent income by a proportion of 1 — ?2,
and consumption and bequest taxes make more expensive to consume and to give part of her in-

come as bequest, respectively. Therefore, this constraint can be written as

—B —B

T —_ T —
0< ¢ +(1+—5)|by < (1—7)(Rebr + Rsbs) + TsWs + — 5 bs,
1—74 1—-74
—B —B
Ts —I —I— Ts -
0<c,+(1+ —5 | b2 < (1-75) (RRHR + RSGS) + T w + — bs.
1-—7; 1-—7;

Note that, in our model, the existence of income taxes can also be seen as wealth taxes
since the capital is completely transformed in each state s. Therefore, we will focus mainly on
interpret t/ as income taxes. However, we understand the clear difference between both concepts,
that coincide due to the capital properties of our model.

2.2. Equilibrium
Now, let us define the equilibrium for the economy as ((ci, bi, Hi)i, (ré,rf)s) such that

(ci, bi, Hi) maximizes the consumer problem mentioned above for any t > 0, and for each state s

of length t = 1, we have

f () =0,
L

j .ré(RRlsé)ﬁg + Rs65) = 0.
L

Due to the FOC, we know that

5(1—%5)

bs=—1"%

Cs

for all agent , then in absence of income or bequest taxes, each agent will bequest a proportion &

of her income and consume the other part. However, in the presence of consumption or bequest
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taxes, the agent will deviate from this proportion since the cost of consuming or requesting in-
creasing due to taxation.
Based on the effects of bequest taxes on consumer’s problem, the average consumption and be-

quest can be written as

_ _(A=8w
Cg =——5,
*o1-6T
— §(1—% )W,
bszi_g-

1-67g

Due to the form of the utility index and Equation (3.2) a skilled agent [; will never invest

in the safe technology, that is, 9?’ = 0 for all i € [0,1]. Therefore, all agents invest only in one
technology at the same time. The unskilled ones invest in the safe one, the less productive, and the
skilled ones invest in the risky, the most productive one.

Since bequest taxes affect the incentives that each agent has for consumption and bequest,
the average consumption and the average bequest also depends on these marginal taxation rates.
Moreover, higher bequest taxes imply a larger proportion of consumption by all agents and a lower
proportion of bequest, which decreases the descendant income. More specifically, we have that if
we is the after taxes mean income of the unskilled at the node s, and Wi is the after taxes mean
income of the skilled at the node s, the average income at a node s’ an immediate successor of s
is given by

_—B _—B
w, = Tl Tt 0 g (33)

which implies the following result.
Proposition 1. For any fiscal policy plan with marginal tax rates given by (?é,?f) , such that
N

?ﬁ, ?f < 1, we have that any increment on the income tax rate at state s (from fi to fi + €) induces

a higher growth rate than an increment on the bequest tax rate (from ?f to ff + €) at state s’ the

immediate successor of s.



2.3.Dynamic properties of the equilibrium
From now on, we will analyze the dynamic properties of the equilibrium and the existence

of an invariant distribution of income. From now on, let us suppose that the fiscal policy plans
satisfy that the marginal tax rates are constant over time, that is, ?é = ?;r, and ?f = ?fr forall s,s’.
Then, we will simply denote the fiscal plans as (?I, ?B) € [0,1].

Note that there is no aggregate uncertainty. It is a consequence of the continuum numbers
of agent and the idiosyncratic risk that each agent has once they invest in the available technologies
for them. Therefore, from now on, we will denote each state s at date ¢t simply as ¢, and for the
successors of s at date t we will denote as t + 1 for aggregate variables. However, for individual
variables like optimal consumption, bequest, and income of an agent i, we will denote a successor
ofanodesass,kwithk =1, 2.

2.4.Invariant distribution

From now on, let us assume that R, = 0 for simplicity, and, in case that this condition does
not hold, we will inform you. Let us now analyze the existence of an invariant distribution of
relative wealth, that is, the distribution of wealth of the agents divided by the aggregate wealth in
each state. From now on, we will focus our attention in positive fiscal policies, that is, (?I,?B)
since in the absence of taxes there is no invariant distribution if R, = 0. Moreover, if R > 0, the
wealth of the skilled agents will have all the wealth in the economy in the long run in even when

the wealth is not completely in hands of the agents who get lucky all the time.

Proposition 2. There is no invariant concentration of wealth if 7 =7 = 0 unless R =Ry =
Rs. In this case, any initial endowment distribution such that x* = 0 for all i € [0,1] is an invariant

distribution.
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We have that any initial distribution converges to an invariant distribution. The following
Theorem shows that any tax policy with constant and nonnegative marginal taxation rates implies

that the distribution of income converges to an invariant distribution in the long run.

Theorem 1. Given a fixed marginal tax rate (?i,?f) € [0,1]? for any initial distribution of en-
N

dowment {w{)}i, there is an invariant distribution of the proportion of wealth among the agents.

2.5.Social welfare function and optimal tax rate

We know that any increment of the marginal tax rate causes a change in the invariant dis-
tribution and the long-run growth rate of the economy. The invariant distribution will tend to be
more equal among the agents, and the long-run growth rate might also decrease if a social planner

taxes more income.

Cases like ?I,?B =0, or T = 1, or T = 1 are too extreme in this framework. The first
one will imply the survival of a small amount of agents with arbitrarily large amount of wealth
only. The second one will imply a considerably lower growth rate of the economy and in some
cases even negative growth rates. The third one, consumption taxes equal to 1, will imply that any
agent cannot consume any amount of good. And the fourth one, bequest taxes equal to 1, imply
that any agent cannot bequest to the next generation. These two latter conditions imply that the
agents will not survive in one way or another. Then, we will focus on less extreme type of taxation
plans.

Therefore, the analysis of an optimal tax rate should consider inequality and growth rate.
Since all agents has linear utility index, the whole dynasty will be only worried about the expected

return of their investments in the long run than to have levels of wealth that are bounded from
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below in a positive measure set of paths. Therefore, a more suitable welfare function for a taxation
plan £ = (?’,?B) € [0,1]2 \ {(0,0)} = T could be defined by
w (U, (ai > ,<b‘l ) = zoo d" [ logU* <ci b- >di (3.8)
T,t i Tt t=1 Tt T,t
where d € (0,1) is the discounted factor used by the social planner. In this case, the social welfare
function does not have problems related with the convergence of the series when the economy has

positive growth rate in the long run since log U! (c'%_t, biit) is at most linear.

Note that for any fixed marginal tax rate plan 7 € [0,1]2, the consumption and bequest in

equilibrium will depend strongly on the marginal taxation rates z. Therefore, to avoid any confu-

sion, we will denote the consumption and bequest in equilibrium will be denoted using the tax rate

used by the social planner, that is,((cé > ,<ci« > )
T,t i T,t i

Let us analyze the equilibrium with an initial endowment consistent with the invariant dis-

tibution, that is, (1 —8)xk(L +g0)") , (Sxh(1+80)"),) = ((ﬂl‘_ﬁ) N (1 +

1-67° :

trs(1-F)\ t
g*) (%) x- (1 + gA) ) the welfare function can be re written as
57 i .
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iy [ i )). -y & et bt )di
W<(U )i’ <Cr,t>i,<br,t)). zt:=1 @ Jlog? (C”b”> “
- o ((4550) (s ) 1)

T

+ 2:1 d' [(1-6)log ((4—“_6) o )(xi n xL[i+1/2]]> (1 + g;)t> di

1-67 T T

e gt i, [ri+1/2]) A9
_zt:=1d flog<<x1+x; )(1+gr))dl
+y  d [log ((65“_‘”1_5 nid )) di (3.9)

t=1

1-67°
where [[]] R — [0,1) is the function that considers the non-integral part of a number, that is,

[[10.45]] = 0.45.

Using the properties of the logarithm, we have that we can separate the social welfare func-
tion " in three different parts, one that only depends on the invariant distribution implying that it
is strictly increasing with T, another component that only depends on the growth rate of the econ-
omy which means that is strictly decreasing with t, and a component that depends on the bequest

rate of the agents. This separation is given by

w ((Ui)f (ct> , (b)) =2 Jlog (x + x[[”l/zﬂ> + 2:1 d' [log ((1 + g;)t> di +

T

s d'flog ((%—l»dl (3.10)
=1 -67

Therefore, we have the following result.

Proposition 3. Under the hypotheses mentioned above, if the initial endowment distribution is

consistent with the invariant concentration of wealth for the marginal tax rate T € 7" chosen by the

social planner, the social welfare function, W, in the equilibrium allocation can be written as

w (U")i,<c5t>',<b‘l> =X(d,;)+6(d,r)+D(d), where  X:[0,1) X T > R,

T,t
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G:[0,1) X T — R, and D:[0,1) — R are differentiable functions in (0,1) X (0,1)3, strictly in-
creasing in the first component, and, in the second component, G is strictly decreasing.

As it was mentioned above, there are two different things that are affecting the social wel-
fare function, the invariant concentration of wealth (X ) and the growth of the economy (G). There-
fore, for a fixed discount rate for the social planner d € (0,1) and the bequest rate § € (0,1) there
is a trade off between growth and inequality since growth rate tends to increase and inequality
tends to decrease when taxes are diminished. However, each type of taxation has different impli-
cations on growth and inequality. In general, income taxes are the ones that reduce more inequality,
and bequest taxes are the ones that generate higher consumption in the first dates. Therefore, it is
not completely natural to determine each combination of taxes are better.

The characterization of the social welfare function it is extremely useful to understand the
phenomena behind the marginal taxation rate, the inequality, the growth rate of the economy and
the relationship between the bequest rate and how the social planner discounts the future. As it can
observed, inequality and growth are in opposite direction in the social welfare function. When you
increase a marginal tax rate, growth and inequality will always reduce. However, their impact in
the social welfare function is not comonotonic since the growth term of the social welfare function
is comonotic with the growth of the economy due to the monotonicity of the logarithmic function.
On the other hand, the social welfare function is anticomonotonic with respect to inequality since
the logarithmic function is a strictly concave function that always decreases if you consider a more
diverse type of distribution or variable?. Consequently, the social planner must find a balance be-

tween low taxes to have large economic growth and high taxes to reduce inequality.

2 This is the case of martingales in probability, that is, a process that has the same expected conditional value
based on previous information, but it diversifies it values over time. In this case, if (M, F;), with F, c F;forallt < s
is a martingale, that is, M, is a F,-measurable function such that E[M,,s|F;] = M, almost certainly, then,

14



Since G and X are logarithm functions related to the growth and inequality, we conjecture

that both functions are strictly concave functions.

Conjecture 1. G(d,-) and X(d,") are strictly concave functions for every d € (0,1).

Therefore, we have that the social welfare function is a strictly concave function respect to

Conjecture 2. The function W ((U")i, (C%,t)iv (bé,t)i) is strictly concave respect to T for every

d € (0,1), and, then, there is only one marginal tax rate, t4, that maximizes the social welfare

function.

Intuitively, if a social planner is more worried about distant consumptions, it will give more
attention to growth than inequality since the latter is maintained over time since we analyze the
inequality of the invariant distribution, and the former is strongly related with distant consumption
since by definition, an increment in the discount facto of the social planner, increases the weight
of the future events and the only thing that changes over time in this equilibrium allocation is the
growth rate of the economy. Therefore, it is natural to think that a social planner who decides to
be more concerned about the future will choose a lower marginal tax rate than a social planner

who do not.

E[g(M¢4s)|Fe] < g(M,) almost certainly if g is a concave function. Note that in this case, the invariant concentration
of wealth is not a martingale. It is more as a analogy of what happens.
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Conjecture 3. In absence of bequest taxes, let be t4 the optimal tax for a social planner given by
d € (0,1). If d; < d, thentgq, > 14,.

Mathematically, if the social planner is concerned more about distant consumptions, that
is, he moves from d; to d, with d; < d,. the value of X and X’ increase only by small fraction
(of the order of 1T1d)' If the marginal tax rate is maintained. However, the value of G increases a
lot and, more importantly, its derivative due to the existence of a linear factor in the sum (of the
order of at least of ), tzdt_l). Therefore, we have that the optimal tax seems to be sensible for
changes in the discount rate of the social planner.

The sensibility of the optimal taxes with the discount factor of the social planner does not
imply that the optimal marginal tax rate of the economy must be such that the economy must have
a positive growth rate at every possible discount factor d € (0,1). In the following subsection, we
compute some numerical examples in which the optimal tax has a negative growth rate for a large
class of discount factors. Nevertheless, it does not imply that, under our conditions, the optimal
tax for every discount factor d € (0,1) is such that the growth rate of the economy is negative.

Moreover, we have the following result.

Proposition 4. Under the conditions mentioned above, there exist d; and d, in (0,1) such that
d; < d,, and

1. forevery d < d,, g, <0, and

2. forevery d > d,, g, > 0.

Moreover, dlljgl+ geq = OE[Rg] —1 >0, dl%ﬁ X, = 0 almost everywhere, and dlLTIl_ Grg =

S(E[RR] +Rs) —1<0, cfﬁl— X, = 1 almost everywhere.
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All the previous conjectures mentioned above have their economic and mathematical intu-
ition. However, due to specific form of the invariant distribution for every possible marginal tax
rate, it is not possible to analyze these properties analytically as it was made before. Moreover, we
also found numerical evidence that support the conjectures and these results mentioned above.
These numerical examples will be explain in the following subsection in which we will analyze
more deeply the properties of the optimal marginal tax and the robustness of the model to analyze
the trade off between inequality and growth.

The following result shows that positive bequest taxes induce a lower welfare compared
with only income taxes unless the bequest rate is large.

Proposition 5. For any marginal taxation plan T € 7" with positive bequest taxes, any tax-

578

. o ol
ation plan?’ € T such that T~ > 7 + —
—0T

induces a strictly higher welfare compared with the

welfare obtained by the taxation plan T.

Note that in for low levels of bequest rate, almost all levels of bequest taxes are worst than
allocations with only income taxes. This will imply that if we want to look for conditions in which
bequest taxes are positive, we must look for situations in which the bequest rate is higher. In the
following subsection, we analyze that the optimal bequest tax is positive only if the bequest rate is

quite large.

2.6. Numerical Example
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If we analyze the social welfare function in Example 1 with an initial distribution of wealth
such that the aggregate wealth of each group is maintained over time, we found that the optimal
tax rate for a discounted factor for the social planner d = & is 80.3% that is a little bit more than
critical tax in which the economy has a stationary aggregate wealth. Therefore, if the social planner
discounts the future similarly as the agents do, the economy will collapse in the long run. The
explanation for this phenomenon is that the social planner is not concerned about very distant low
consumptions making that low rates of contraction of the economy could be optimal because re-
duces the unequally in the first dates. A mathematical explanation of this is that the discount factor
of the social planner converges to zero faster than the collapse of the economy. Nevertheless, if

the social planner discounts less the future, that is d > 8, the optimal tax rate is lower than the

critical rate. More precisely, if d = %‘S, the optimal marginal tax rate will be around 52.4%.

Moreover, if d = ?, the optimal marginal tax rate will be approximately 36%. Figure 1 shows

how the welfare function changes for all the possible tax rates for the three different discount

factors mentioned above.
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Figure 1: Social welfare function vs income taxes for different values of d = 8,%,%.

From the numerical examples showed above, we know that an increment in the discount
factor of the social planner implies an increment in growth rate of the economy and a more unequal
invariant distribution of wealth. However, in any case, the inequality does not necessarily increase
over time since it will depend strongly on the initial distribution of wealth. Therefore, if we start
from a more unequal distribution than the invariant distribution for the chosen marginal tax rate,
the inequality will decrease over time.

As we mentioned before, the social welfare function has a strictly concave behavior in the
discount factor of the social planner. Moreover, the set of discount factors in which the economy
will have a negative growth rate is considerably larger than the one in which the economy has a

positive growth rate. In fact, for every d € (0, a), the growth rate of the economy, g, is negative,

and for every d € (a, 1), the growth rate of the economy, g., is positive with a ~ 0.6.
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Figure 2: Income inequality for different income taxation rates.
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As can be observed in Figure 1 and Figure 2, the level of inequality implemented by a
social planner with a discount factor equal to the agent is quite low (2.85% of the total income for
the top 1%, 20.7% for the top 10%, and 34.15% for the top 20%) if it is compared to very equal

countries as Japan where the top 1% earns around 10% of the national income. For a social planner
that with a discount factor equal to d = 1:—8 the inequality is clearly larger with 9.69% for the top
1%, 34.85% for the top 10%, and 47.6% for the top 20% which seems to be like Japan. Finally,
for a social planner with a discount factor equal to d = ?, the inequality is clearly larger than the

other two cases with 21.44% for the top 1%, 48.37% for the top 10%, and 59.09% for the top 20%
which seems to be like the US where the top 1% earns around 20% of the national income. All
these results support the idea that the social planner should be more patience than the agents and
that most of the governments are indeed more patience than their population since most of them
are generally quite worried about increasing the growth path of the economy than to almost elim-

inate any inequality.

Welfare vs taxes with different spreads
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Figure 3: Welfare vs changes on productivity of Rj.
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In Figure 3, we can notice that changes in productivity of the risky technology, that in our
case implies changes in the spread of the risky one, cause a change in the optimal taxation. In this
case, a more productive risky technology leads to lower optimal taxation rate. An explanation to
this is that a more productive economy due to its risky technology needs lower taxation rates com-
pared to economies less productive to achieve its maximum welfare. Therefore, in this case, for
the social planner is optimal to increase the inequality due to the increment of productivity. This
is also observed in a large variety of economies around the world, one of these examples are the

US and the largest economies in Europe, such as Germany, France, and England. The former has

a larger productivity than the latter and it has also a considerably larger income inequality.

§ =0.25,d = 0.05 8 =0.25,d = 0.25 § =0.25,d = 0.375 § =0.25,d =0.5
Optimal beg. tax 0 0 0 0
Optimal inc. tax 0,99 0,75 0,805 0,61
Welfare 4,650257 1,979259 0,69723137 -1,77627379
Growth 0,81371224 0,83835788 0,84042284 0,88011891
Top 1% 0,01018153 0,02141054 0,01667438 0,04566337

§ =0.375,d = 0.075 § =0.375,d = 0.375 § =0.375,d = 0.5 § =0.375,d = 0.75
Optimal beg. tax 0 0 0 0
Optimal inc. tax 0,99 0,805 0,515 0,26
Welfare 7,597522180 12 27,44189082 108,9278328
Growth 1,220568360 1,260634260 1,35775239 1,493556190
Top 1% 0,01018153 0,01667438 0,08296093 0,35163233

5 =0.5d=0.1 § =0.5d=0.5 5 =0.5,d =0.75 5 =0.5,d=09
Optimal beg. tax 0 0 0 0
Optimal inc. tax 0,82 0,575 0,265 0,1
Welfare 9,87818850 35,07289614 192,40648409 1.478,44045608
Growth 1,65141381 1,76591892 1,98683324 2,13368991
Top 1% 0,01563683 0,05592454 0,35591541 0,69395095

Table 1: Optimal taxation plans for low bequest rates, §, and discount factor of the social

planner, d, for Rs = 2,Rg = 9, Rz = 0.

We observe in Table 1 that if the social planner has a discount factor close to zero, the
optimal income tax is high to reduce inequality. Moreover, once the social planner discounts less

the future, the social planner is less concerned about inequality and more about growth which
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implies a lower optimal tax rate. Note that the in these cases, the bequest rate has a role on the
optimal taxes, but it also seems important the relationship with the discount factor. In some ways,
the bequest rate of the investors can be seen as a form of discounting the income of future gener-

ations. Therefore, the growth rate is positively related with the bequest rate also with the discount

factor of the social planner.

As it was observed before, inequality is negatively correlated with income taxes. Then,

under conditions in which income taxes are higher, inequality tends to reduce. We observe this

clearly by the top 1% of income of the investors.

Note that the bequest rates are always equal to zero due to low values of the discount factor.

Under these conditions, the social planner does not need to decrease the economy saving rate by

reducing the incentives to leave bequests to the next generation.

§=10.8,d=0.08 §=08d=04 §=08d=06 §=08d=08
Optimal beg. tax 0 0 0 0
Optimal inc. tax 0,99 0,765 0,46 0,205
Welfare 13,77058490 37,9308063 106,56725262 554,032556
Growth 2,60387916 2,7118590 2,94941965 3,264103
Top 1% 0,01018153 0,0196542 0,1167149 0,45446689
§=0.9,d =0.09 §=09,d =045 §=09,d = 0.675 §=09,d=09
Optimal beg. tax 0 0,1950000 0,08 0
Optimal inc. tax 0,99 0,6200000 0,310000 0,100000
Welfare 15,05243647 52,4617563 196,263123 270,945738
Growth 2,92936405 3,0309488 3,412300 3,855993
Top 1% 0,01018153 0,0289359 0,209761 0,700383
8§ =0.95,d = 0.095 § =0.95,d = 0.475 §=095d=07125 | §=0.95d =095
Optimal beg. tax 0 0,62 0,375000 0
Optimal inc. tax 0,99 014 0,050000 0,065000
Welfare 15,68928389 64,0820324 278,868501 9014,584138
Growth 3,09210650 3,0587289 3,524039 4,139790
Top 1% 0,01018153 0,03622528 0,207739 0,785182

Table 2: Optimal taxation plans for high bequest rates, &, and discount factor of the social

planner, d, for Ry = 2,Rg =9, Rz = 0.
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From Table 1 and Table 2, we see that the optimal income taxes are always extremely high
independently of the bequest rate when the discount factor of the social planner is close to zero.
As it was mentioned above, this is due to the social planner discounts strongly the future making
that his almost completely worried about inequality and not in the growth rate. When the social
planner discounts less the future, optimal income taxes decreases, and the top 1% income share
increases.

Differently from Table 1, in Table 2 the optimal bequest taxes are positive when the be-
quest rate is quite large, 8§ > 0.9, and it also tends to increase as the bequest rate increases. How-
ever, it only occurs when the discount factor of the social planner is lower than the bequest rate.
Moreover, it is observed that optimal bequest taxes are positively correlated with the bequest rate.
This is due to the social planner’s intention to decrease the proportion of the wealth that is given
to the next generation. However, this concern does not occur in all cases, for discount factors close
to zero, inequality tends to dominate social planner optimal tax policy, and for discount factor
close to one, the social planner is more concerned about growth. The former case implies extremely
high optimal income taxes, and the latter case implies extremely low optimal income taxes. Then,
for intermediate levels of the discount factor, the importance of inequality is not particularly dom-

inant, and the social planner’s optimal “levels of savings” is quite low compared to the agent actual
bequest rate. Therefore, it is observed numerically that the optimal bequest taxes are positive if%

is in an interval around 0.5 with a length that is positively correlated with &. Note that this interval
does not include the value 1. The reason for always excluding the value 1 is that the social planner’s
concern about the future and the investor’s concern about his/her successors must be different

enough as it was mentioned above.
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3. Extensions
3.1.Model without segmentation

Let us define a model based on Section 2 in which both agents have access to both tech-

nologies.

Hypothesis 12: Risk-averse investors and entrepreneurs have access to the safe technology

and to risky one, but not simultaneously.

Then, the investors cannot have access to both at the same time. That is, if an agent decides
to invest in one of the technologies, she cannot invest in the other technology. This can be justified
by the fact that each agent has a limited capacity to manage investments with quite different type

of properties at the same time.

Under this hypothesis, entrepreneurs will continue investing only in the risky one E[Rz] =

—B
Rs. Therefore, they will have an unequal distribution of wealth if SRy < 107 o For the risk

(1—??)(1—7
lovers, no matter how much the agent is being taxed, if the risky return is at least as productive as

the safe one, she will invest in the risky one for any marginal taxation.

E[RR]*+Rs

From now on, we will assume that E[Rg] > % > >Rs, T8=0,and T =7 €

(0,1].
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For the risk averters, the marginal taxation rate and the level of wealth of the agent will

affect her optimal solution. More precisely, we have that:

Proposition 7. Given a marginal taxation rate T € (0,1), there is a constant

‘r! RRi\/RRz—Al-RE!
= (4.1)

% T T RAD

such that:

1.if wt“i > o (Weyq OF Wfi < o} {We41, the agent a; invests in the safe technology at date

t+1,

2.ifw/t e (A W41, 4 cWey 1), the agent a; invests in the risky technology at date ¢ +
1, and

3.ifw = o W41, the agent q; is indifferent between both type of investments at date
t+1.

Therefore, taxation might have a positive impact on growth since it makes that a proportion
of the risk-averse investors invest in the risky technology. Moreover, low levels of taxes will in-
duce that the wealth invested in the risky technology by the risk-averse investors is quite low
inducing a lower growth rate. However, if taxes increase, the interval mentioned in Proposition 7
becomes larger, and the proportion of the wealth invested in the risky technology increases. Then,

the growth rate increases. More specifically, we have the following result.

Proposition 8.
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2
Lift> i—R +1- ZRTRZ, any increment of the marginal tax rate increases the growth rate of
S S

the economy. The proportion of risk averters that invest in the safe technology is a decreasing

positive function of the marginal tax that converges to 0 when t converges to one.
2
2. Ift< % +1- 2%, all the risk averters invest in the safe technology. Therefore, the
S S

economy converges to an invariant distribution as Section 2.

2
Note that if E[RR] > Rs, i—R +1- ZRTRZ < 1 implying that for any economy, there is a pos-
N S

itive marginal tax rate T < 1 such that, at any give date t, a proportion of the risk averters invest
in the risky technology. However, if
R > (1++/3)Rg (4.3)

2
1;—’* +1-— 2’% < 0 implying that there are risk averters investing in the risky technology at any
S S

period £.

3.2.Model with changes of type of investors (call skilled/unskilled investors in

which skilled are entrepreneurs)

Let us suppose that a proportion p € [0,0.5] of agents switch from entrepreneurs to risk
averse, and vice versa. A risk averse investor who has a son that is an entrepreneur gives a propor-
tion & of his wealth as bequest. But an entrepreneur who has a son that is a risk averse investor
decides to leave to his descendant the average bequest that risk-averse investors receive from his

predecessors. Additionally, we will assume that only sons of entrepreneurs who received the high
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return R, might become “risk averse”. Therefore, the poorest agents will continue investing in the
more productive technologies to overcome their adverse situation.

Hypothesis T1: A successor of an entrepreneur that received the highest return has a probability of
2p € [0,1] of becoming a risk-averse investor, and the bequest received is equal to the average

bequest of the risk-averse investors receive, b2.

Hypothesis T2: A successor of a risk-averse investor has a probability of p € [0,1] of becoming

an entrepreneur.

If entrepreneurs are quite poor, they will tend to make a larger effort to overcome that
adverse situation. On the other hand, entrepreneurs that have been successful in the past are less
concerned about keeping their skilled capabilities to continue being entrepreneurs, having a posi-
tive probability of becoming “risk averse” investors.

Under these conditions, the arguments used above to ensure the convergence of the income
distribution to an invariant distribution.

Proposition 11. Under the additional Hypotheses T1 and T2, for any positive tax policy,

(?é,?f) € [0,1]2, and initial distribution of wealth, wy, the wealth distribution converges to an
S

invariant distribution.

The proof can be found in Appendix C.
Remark 16. Other possible transitions are: 1) a successor of an entrepreneur that received 0 as a
return has a probability of 2p € [0,1] of becoming a risk-averse investor, or 2) the probability of

an entrepreneur of having a successor that is a risk-averse investor is p independently of the wealth.
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In both cases, the constructive argument used above to ensure the existence of an invariant distri-

bution can be applied.

3.3.Extension to a model with capital, labor, and innovation

Using the model exposed before, we can extend it to a capital, labor, and model as follows.

K} = (Rg®k + Rs05)5b; for t > 1 and K§ = 1 is the amount of capital of the agent i's firm that

i y1-«a . .
Al ) with a € (0,1) for t > 1 and @y = Kj is the innova-

depreciates completely, 0% = ©%_,; (Kl—
t-1
tion factor, L% € [0,1] without any utility for leisure which implies that LL = 1 for all ¢, r, is the
price of the capital at date t, and w; is the salary. The technology of the firm i at t is given by
. . L o L o1—o
ye = 0y(Ke) (Lt)
The consumer constraint is given by
Cer + Doy S WELL + K¢
In equilibrium, since the firm has constant returns to scale, w} = (1 — a)@é(K})a(Lit)_a,

wi = a@i(Kf)a_l(Lit)l_“. Therefore, in equilibrium, the consumer problem of each agent is de-

fined as before, and all the results related to the dynamics of the wealth are still valid.

4. Conclusions

We developed an overlapping generation model with endogenous growth rate and hetero-
geneous technology productions. In this model, taxes and redistribution has a negative impact on
growth if the more productive technologies involve larger amount of idiosyncratic risk. Moreover,
in absence of taxes, the most productive technologies will dominate the economy in the long run
and the long run inequality will depend mainly in the risk that it involves. In the presence of taxes,
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taxes ensure the existence of an invariant distribution of wealth among the agents and an invariant
growth rate of the economy. We also showed that there is no poverty trap among the agents with
the most productive. Among the agent that do not have access to the most productive technologies,
their wealth may not reach the top in any future date.

Redistribute taxes has a negative effect in growth rate and inequality. To establish an opti-
mal taxation, we introduced a central planner that considers the consumption of the agents at equi-
librium. We showed that the social welfare function can be written as the sum of three independent
functions, one depending on growth, one depending on inequality, and one depending on the dif-
ference of the discount factors of the agent and the social planner. The first function is comonotonic
with the growth rate of the economy, implying that this function might be an increasing function
on taxes. The second one is anticomonotonic with the inequality of the invariant distribution which
implies that this function might be a decreasing function on taxes.

We also found that, for a fixed discount rate for every agent in the economy, the optimal
taxation is strictly decreasing on how the social planner discounts the future. Moreover, the optimal
tax will be such that the invariant wealth distribution tends to an equal one if the social planner
strongly discounts the future, and, on the other hand, the optimal tax is zero when the social planner
does not discount the future at all. The intuition behind these results is that, if a social planner
discounts the future strongly, the weight of distant dates becomes almost irrelevant, and analo-
gously with the growth rate of the economy. Therefore, the social welfare function will be domi-
nated by the inequality effect. However, if a social planner almost does not discount the future, the
weight of future consumption will dominate the inequality effect even when both effects are in-
creasing. Additionally, our model suggests that changes in the tax policy may be based on changes

on the form of the social planner discounts the future compared to how the other agents do so.
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The optimal bequest taxes are positive when the bequest rate is quite large, and the ratio of
the discount factor of the social planner with the bequest rate is lower than 1. This is due to the
social planner’s intention to decrease the proportion of the wealth that is given to the next genera-
tion. However, this concern does not occur in all cases, for discount factors close to zero, inequality
tends to dominate social planner optimal tax policy, and, for discount factor close to one, the social
planner is more concerned about growth. Then, for intermediate levels of the discount factor, the
importance of inequality is not particularly dominant, and the social planner’s optimal “levels of
savings” is quite low compared to the agent actual bequest rate.

For economies where extremely wealthy families stop being as entrepreneurs as their an-
cestors, they can switch from investing in the more productive to less productive technologies.
Additionally, if their bequest rate is also larger than the discount factor of the social planner, our
model suggests that a positive bequest tax for them is socially optimal due to a reduction of the

growth rate and the extremely high levels of saving that this type of investors do.
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Appendix A. Proofs
A.1. Proof of Proposition 2

Proof. The case in which Rz = 0 is a direct consequence of the fact that, with probability one, all
skilled agents will have zero consumption wealth in the long run, and, at the same time, the aggre-
gate endowment of the economy is always positive.

To prove the case in which R > 0, notice that since the production of the skilled agents is
at least as good as the unskilled agents, 1) the initial income of the invariant distribution of the
skilled agents can only be zero, or 2) equal to the total aggregate initial wealth if E[Rz] > Rg, Or

3) it can be any possible value between these two extremes if E[Rz] = Rs. If we analyze the case

in which X' is not equal to zero almost everywhere (case 2 or 3), the aggregate production over

the aggregate production of the skilled ones converges to a positive constant when £ goes to in-

— — n —n

Rr Rr Rr
_ . RR Rg P Rg
finity, and, since FIRA] <1, FIRL] converges to zero when n goes to infinity, and TRGE

also converge to zero when n goes to infinity for every k € N, part of the income will be concen-
trated in hands of a zero-measure set of skilled agents in the long run. Therefore, the only possible

case is that x! = 0 almost everywhere.

A.1. Proof of Theorem 1
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Let us prove a preliminary result that ensures that for any initial distribution (wé) > 0,

the aggregate income in hands of the | agents over the aggregate wealth in hands of the a agents,

—1 j—

%, converge to a positive constant even if Rp # 0 or Rs # R;.
t
Lemma 1. For taxes defined by nonnegative marginal tax rates (?1,?3) > 0 with technology re-
—l
. - . ﬂ —
turns such that satisfy Equations 3.1 and 3.2, fﬂrﬁ = ]/(%1‘?3) where V@) € [1, ).

Proof. To simplify the proof, we will assume that T=1> 0, 70 = 0. The idea of the proof is to

show that the function f:]0,0) — [0, ) defined by
T,, T
o BRI (BRG GT)E T
© BRI BRI 54 1-T) .
2 2 satisfies that f(0)>0
. E[R,]\2-7
lim /(2) = (E{R} , ,
' s1)T f'(2) > 0z € [0, ), J(®)=0gng / is a decreasing function. Un-

der these conditions, I has only one fixed point ¥~ defined by
2 2
Zﬁ_(;g) E[R] |\, (1_1) E[R] |\ ,(EIR]
2t )| E[R] 2 t) | B[R] E[R,] (3.5)

o f i
and, for each © E(O*m), Z converge to % . Since Zris the proportion of the aggregate produc-

—i
W,
i+l

tion of the / agents and the @ agents, the sequence {wﬁ J' also converge, and since “r 21

Z; (1_.£)+-E
W Y, =——2—2€[l,%)
Y= —r=l z(H+1-1
2 2

' implying that . The proof is analogous to the other two types

of taxation.

From the Proof of Lemma 1, we can interpret z as the ratio of the aggregate production of

the skilled agents and the aggregate production of the unskilled ones. Therefore, note that y can be
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seen as monotonic function of z,, implying that y. is a C* function for t € [0,1] that decreases
when t and E[Rg] increases, and that increases when E[RR] increases.

Since the aggregate production depends on aggregate wealth of each of the groups, the
convergence of the ratio of the skilled and unskilled aggregate wealth ensures the convergence of

the growth path.

Corollary 1. For any fixed tax rate (?1,?3) > 0, the growth rate of the economy, 9(;’#?): con-

verges when t goes to infinity.

Due to the convergence of how each group invest in each technology, the growth rate of
the economy will also converge. Then, the proportion of income of the poorest skilled agent con-
verges, which implies that the proportion of income of a skilled agent that has received at least

once the lower return Rz = 0 also converges.

Proof of Theorem 1. For simplicity, let us consider a positive marginal income tax rate t/ =  only.

The convergence of the proportion of wealth of the ! agents to an invariant distribution is a direct

consequence of the conditions mentioned above. In fact, the invariant distribution of the proportion

of the  agents is

r T -
n-1 R:\@ 5(1 -T )k6‘

% (+g)

n+l
1

for the n" poorest group of  agents with weight (2] forn € N.
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To conclude the proof, we must ensure that Equation 3.7 converges for any initial Yo'

g t-1 a
RO Lo SR (1-1) 2 =0
Since Rs <ElRe] ¥, when =% implying that Wi when =%,
AER(EIRY ¢ v
—2 d(I-)Ry
]’_‘[(“&.f 0c— 2 T
- converges when £ goes to infinity since (+g., 2 forall l €

N. Therefore, the proportion of the wealth of the @ agents in the limit is

T
1 T 2(1"'&) B 1
BO(I-T)R 2 1+g -8(1-T)Ry ¥, +1
l+g,

The proof is analogous to the other two types of taxation.

Based on the proof of Theorem 1, with T =7>0,and 7 =0, the proportion of the in-
come of the poorest [ agents is t/2, and the weight of this group is 1/2. The income of the second
poorest group of [ agents only depends on the average income and the income of the poorest [

agents in the previous period. Therefore, the proportion of the second poorest group of I agents is

Rg(2)s Rr(%)s _
Fr()s +1 (1 - jﬁL) = I(M + 1), and its weight is 1/4. If we continue this process,

1+9grt-1 2 1+9g1e-1 2\ 1+gyt-1

we obtained that proportion of the n*" poorest group of [ agents is

REC(1-t)ksk
n-1_"R3 3.6
k=0, (T4 g0e-r)’ (36)

1 .
ey ift > n.

and the weight of this group is

For the a agents, since Rg = R, the proportion of the income of an a; agent is given by
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k. kIpk
S‘EERS

t—-1
Lk=o (]‘[;‘=1(1+gu)

for each node s of length t >0 . Since y“* -y, € [0,00); when t —» 0, g, > g €

) + IR — 1)t @.7)

[Rs6 — 1, E[RR]S — 1] when t — oo, which concludes the proof. The proof with positive income

and consumption taxes is analogous.

A.2. Proof of Proposition 3

Proof of Proposition 3. Due to Equation 3.10, we can define X(-,-) as X(d,r)=

i -~ o) t
<L [log (xk + x[.[’“/2”>, G()asG (d, r) =y d'[log ((1 + g‘> >di which is clearly
- T t=1 T

T

_ - o 55(1—5)1*5@—?32 .
a decreasing function in ¢, and D(:,) asD(d) =Y=; d[log di. In

1-57°
t=1

this case, each function depends directly on indirectly on § since the bequest rate affects the dis-
tribution of the invariant distribution and the growth rate of the economy by increasing inequality
and the growth rate when § increases.

The properties of X are consequence of the dominated convergence theorem and the properties of
the invariant concentration of wealth (in the aggregate, is constant, and it is more unequal every
time that you decrease the marginal tax rate). The properties of G are consequence of the invariant
growth rate and the fact that the series that defines this function is absolutely convergent. Finally,

the properties of D can be easily obtained due to its functional form.

A.3. Proof of Proposition 4

Proof of Proposition 4. To prove the second part, it is enough to analyze asymptotic behavior of

X and G when d goes to zero and goes to one. When d goes to zero, G becomes null and X does
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not, then, the W only depends on X for d small enough which implies our result. When d goes to
one, X becomes null and G does not. However, in this case X is unbounded from below. Therefore,
the optimal taxes are small but no zero. Nevertheless, when the discount factor of the social planner
goes to zero, we can find taxes that converge to zero that keep constant X and increases the value
of G implying our result.

Finally, the first part is a consequence of the second one.

A.4. Proof of Proposition 5

B
—rl

Proof of Proposition 5. Consider a taxation plant’ € 7" suchthat1 >7 > 7 + 5. Since we

analyze the welfare function in the invariant distribution, we can assume that w, = 1 in both cases.

For the poorest skilled agents, we have that their level of after tax nominal income with the

I B 8 5(1-7B) _
taxation plan (%', 78) is given by T/ = w,T! + W, - TB( T 5oF ) ( ) < wor =
7' which is the after tax income with the new taxation plan.

Note that that since the function f}, (x) = ) is an increasing function for x € [0,1) for

all k,l € Nand T/ < 77, we have that T/ (1 — f’) A-B) <T@ -hHr <1 - 7THk The
second poorest group of skilled agents, we have that their level of after tax nominal income with

=B _7B
the taxation plan (7', 78) is given by (RRf’w06(1 =) (L =T + WoT! + Wy (51;;, ) =

Wo (RR& A-Bya-tH+7 + ) < Wo(Rg6T' (1 — 71y + 7).

183

For the n-poorest group of skilled agents, we have

SR (RES*(1 - T)F)(1 — 71)F (‘r W %Wo) = W, (g;};g <R§5k(1 _ By —
o )>) ) Wo( = <R£6k(1 — T (e + ;E:sis))) < WO( pa <R’,§5k(1 _
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Then, the income of the invariant distribution in each period is always lower with the taxation plan
(7!, T8) than with (7'7, 0). For the unskilled ones, the result is also true because of the convergence
of an analogous series as the one described above. To conclude the proof, notice that the utility of

the agent i when the after taxes nominal incomes in each state are wli and w;' is
() + (e ) = () )+ 5 )
= %((1 —owd) (61— ywh)’ + % (a-owi) ™ (5w’
= %((1 — ) 068 - )owi + % ((1-8) 7651 - 7)°wj

1 -5 o1 -5 .
<s(a- ) 8%wi + (- 8)) " 8%ws.

Appendix B. Model without segmentation and an effort cost

Let us define a model based on Section ??? only with income taxes in which both agents
have access to both technologies, but each agent that decides to invest in the risky technology will
have an effort cost, L > 0, a fixed effort cost that the agent must take to have a positive probability
of wining the highest return. In absence of this cost, the agent will have a null return in the next
period. Therefore, if an agent decides to invest in the risky one, it is always optimal to pay the

effort cost.

Hypothesis E1: Investments of the risk technology have constant effort costs L, for the

risk-averse investors and Lg for the entrepreneurs. This effort cost is paid if R occurs.

B.1. Effort cost for risk-averse investors

39



Note that these costs will reduce the return of the risky technology. If L, is small, some
risk-averse investors will continue investing in the risky one, but the proportion of agent willing

to invest will decrease. If Ly is small, entrepreneurs will continue investing as before. However, if
Lg or the income taxes are large, the poorest entrepreneurs do not have incentives to invest in the

risky technology. The following propositions analyze these cases.

Proposition 12. Given a marginal taxation rate T € (0,1), there is a constant

T((RR_ZRS 9xP(La))i\[(RR_2RS EXP(La))2—4(€xP(L)—1)R§)

R3(1-1)

Wy = 4.2)
such that:

1. if wt“" > o} tWeyq OF wt“" < o} tWe41, the agent a; invests in the safe technology at date

t+1,

2.ifw/t e (o cWep1, @4 cWei1), the agent a; invests in the risky technology at date ¢ +
1, and

3. if wt“i = o} We41, the agent a; is indifferent between both type of investments at date
t+ 1.

B.2. Effort cost for entrepreneurs

For entrepreneurs, we have the following result.

Proposition 13. Given a marginal taxation rate T € (0,1) and the aggregate wealthint + 1, w;,4,

. L
there is a constant 8;,, = ——-——such that:
(RR=2Rs5)Wt41
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Lg

————— the agent [; invests in the safe technology at date ¢t + 1,
(RR=2Rs)

. l; . —
Lifw' <BiyqWerr =
2.if thi > Bii1Wey1, the agent [; invests in the risky technology at date t + 1, and

3. if wtli = Bi+1 W41, the agent [; is indifferent between both type of investments at date

t+1.

Note that, if the economy has a negative growth rate for some periods in a row, it might
cause that the economy collapses in the long run since all entrepreneurs invest in the safe invest-
ment eventually due to 7 going to infinity. On the other hand, the risk-averse investors might not
invest in the risky technology due to Inada condition. In Subsection B.2, we will show this numer-

ically.

If the entrepreneurs are risk lovers with a utility index given by u(c, b) = (c1‘5b5)2, en-
trepreneurs will consider not only the return of the technologies and the effort cost, but also con-

sider taxes since they can reduce the amount of risk that they are taking.

Proposition 14. Given a marginal taxation rate T € (0,1) and the aggregate wealthint + 1, w;,4,

there is a constant

L
—(RR—ZRs)T+\[(RR—2R5)2T2+WZB
t:

(RE—2R%)
+1

Bt+1,’t = (RE—2RZ)(1-7) (4.2)

such that:
1.if wtl" < Bi1:We+1, the agent [; invests in the safe technology at date ¢ + 1,

2.if wtl" > Bii1We1, the agent [; invests in the risky technology at date ¢ + 1, and
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3.if wtl" = Bi+1cWe41, the agent [; is indifferent between both type of investments at date

t+1.

B.3. Invariant Distribution

Due to Proposition 12, Proposition 13, and Proposition 14, we can ensure that a process
similar to the one made in the other models can be done in this case since the wealth of each risk
averter (more precisely, almost every risk averter) can be computed by a recursive.

Numerically, it requires only to compute a preliminary proportion of agents that invest in
each technology in each period t by using an increasing function o defined above. Then, we

compute o % and the distribution of wealth step by step. Now, we restart the process with the
t

proportion of investment induced by the distribution that we have just found.
By doing this, we can find the invariant distribution of wealth invested in each technology,
and, therefore, the invariant growth rate of the economy, which are the only things that we need to

know the invariant concentration of wealth among the agents.

Lemma 2. Under a fixed and positive marginal tax rates and a wealth dynamic process such that
the growth rate g. . satisfies that g, — g, when t — oo, the wealth concentration of wealth con-

verges to an invariant distribution.

This result implies the existence of the invariant concentration of wealth and it also sug-
gests that if the concentration is considerably close to the invariant one, it converges in the long

run to the invariant one which is what we found in the numerical examples that will be afterwards.
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Proposition 15. Under a fixed and positive marginal tax rate, there is an invariant concentration

of wealth.

B.2. Numerical examples with risk lovers’ entrepreneurs

Based on the numerical examples defined before, we consider Ry = 4.5, Rg = 1.6, § =
0.5, L = 0.04879. We start with a distribution constant distribution of wealth among the agents.

In this case, increments on taxation generate different effects on growth depending on the
marginal tax rate that we start on. For very low levels of marginal taxation rate, increment in tax-
ation rates might decrease the growth rate due to the transfers from the risk lovers to risk averters.
The former are investing completely in the risky and more productive type of investment, and the
latter are investing part in the risky and part in the safe investment. Therefore, the increment in the
marginal taxation rate implies less investments in the risky and more investments in the safe one.

For marginal tax rates between 0.3 and 0.5, the growth rate increases when the marginal
tax rate increases. In this case, the risk averters are investing considerably more in the risky than
in the safe one since they need a larger number of successful periods investing in the risky invest-
ment to reach the indifference threshold, o ;. Intuitively, the threshold being attainable for the
risk averters means that the insurance effect caused by taxes is observed, that is, some risk averters
decide to invest in a risky and more productive type of investment because the government ensures
that he/she will receive minimum level of wealth if his/her investment does not give any return. In
this case, given an increment of the marginal tax rate, the proportion of agents that decide to invest
in the risky one compensates the transfers of wealth from the risk lovers to the risk averters who

decide to invest in the safe one.

43



For marginal taxation rate slightly above 0.5, there is no fat tails in the economy. Moreover,
there is always an upper bound depending on the aggregate wealth that is unattainable for any
agent, including the ones who always invest in the risky investment and succeed. Therefore, there

is T € (0.5,0.6) the lowest positive marginal taxation rate such that the growth rate in the long run

is maximum, that is, g, — RTRS —1=0.125=12.5when t - oo.

When the marginal taxation rate is larger than 0.75, the poorest risk averter satisfies w," =
™w, ~ ol W therefore, an increment on the marginal taxation rate will imply that these agents
decide to invest in the safe and less productive investment implying reductions in the growth rate.
This phenomenon continues until the growth rate is positive. Once the marginal tax rate is such
that the growth rate in the long run is slightly negative, we are under the conditions in which the
poorest risk lovers start to invest in the safe one reducing even more the growth rate which makes
that more agents (risk averters and lovers) witch to the safe one. Then, in the long run, almost all

agents invest in the safe one instead of the risky one implying that the economy has the lowest

growth rate possible, that is, g, = Rs6 —1 = —0.2 = —20% when t — oo,

Growth rate along time

growth rate

0.1+

015

02 L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50
date t
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Figure 6: Growth rate over time for different income tax rates.
Note that, based on Figure 6, the economy converges to a constant growth rate in the long

run for all the marginal tax rates analyzed. Moreover, we observed that for almost all the marginal
tax rates analyzed, the convergence of the growth rate holds. However, it might be a problem for
marginal tax rates around 0.83 since the induced growth rate oscillates between positive and neg-
atives growth rates. We note that these problems might be convergence problems or numerical
problems induced by computational errors.

From Figure 6, we noticed that for low marginal tax rate, all risk averters invest in the safe
one implying a constant distribution. When t = 0.3, 0.4, and 0.5 the risk averters invest in the
risky one when they are poor and in the safe one when they are above the threshold o ;. The
biggest difference between these two distributions is that the threshold is considerably higher when
T = 0.4 (moreover when t = 0.5) implying that a larger proportion of wealth is being invested in
the risky in this case which causes the phenomenon mentioned before, an increment on the growth
rate. This happens because this effect overcome the transfers made from the risk lovers to the risk
averters that invest in the safe one- a proportion of agents that is small in this case and decrease
every time that you increase the marginal tax rate.

When T = 0.6 and 0.7, all risk averters invest in the risky one all the time since there is no
over-accumulation of wealth (fat tails) in this case. Therefore, a risk averter that is infinitely suc-
cessful by investing in the risky one has a wealth in period ¢ bounded by 2.6w,,, for T = 0.6, and
2.6w;, 4 fort=0.7.

When t = 0.8, the poorest risk averters, the ones that their parents only received the trans-
fers in the previous period, the invest in the safe one. However, once they invest in the safe one,

the transfers made by taxes increases the wealth of their successors in such a way that they decide
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to invest in the risky one generating the invariant distribution observed. This phenomenon contin-
ues making that a larger proportion of risk averters decide to invest in the safe one instead of the
risky one. However, once the growth rate is negative for a long number of periods, the risk lovers
will switch too implying that the invariant distribution is even lower. In this case (t = 0.9), all risk
lovers and all risk averters will eventually invest only in the safe one implying that the invariant

distribution is constant.

Invariant distribution for =09 " Invariant distribution for =0.8 Invariant distribation for r=0.7

1 n ‘ ‘ ]

Invariant distribution for r=0.6 : Invariant distribution for =05 Invariant distribution for =04

mkg»“. fuw¢uy_«. é | jig L1

Invariant distribution for 7=0.3 Invariant distribution for rs0.2 Invariant distribution for r=0.1

Nlﬁuj‘»

Figure 7: Invariant concentration of wealth for the risk averters for different income tax rates.

Appendix C. Properties of the model with changes of type of investors
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Note that in every period, the proportion of each type of agent keeps constant over time
since a proportion p of the agents changes from entrepreneurs to risk-averse investors, and vice

versa. Then, the average wealth in date t + 1, w4 , is given by

_E[Rg]8(1-7" <f’v_vt <_, ‘E’;Tvt> N W“) N R8(1-T") _,

Wiy = We.
T o2a-8T) \ 2 )-8t "
FIX IT IN THE ORIGINAL  VERSION ~WHEN IT IS

.
Where the left term % is the aggregate wealth of the entrepreneurs that received 0 at the

i
datet, (1 —p) (Wﬁ - %) is the aggregate wealth of the entrepreneurs that received Ry as areturn

at the date ¢ and have a successor that are entrepreneurs, and pw, is the aggregate wealth of the
predecessors of the entrepreneurs who were risk-averse investors. Then, the average wealth in date

t + 1, wl,; and wg, 4, are given by

B E[Rr]8(1-T" \ (Tlw, 0 Tw\
W§+1=1_(T (1—? > +(1—P)(Wt—T +pw;

» RsS(1-T") _,

We,
2(1-67°)
N E[RR]8(1—T") (T (T'W, _, T, _
W?H:l—(T S +(1-p) Wy = —— +pwi
A —f3)<1 f’) —a
—— (11— |w.
1-8%° 2"

Substituting w, = i(Wﬁ +Ww¢ ), we have that
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E[Rg]5(1-T° o\ 7 !
e (I

. E[Rg]8(1-7 (f’)
wa = LRI )T

t+1 — 1— S?B

.LTI .LTI _ .LTI .LTI a
Z+(1—P)<1—Z> we + (Z—(l—l’)<z> +P>Wt

Then,

iy (5500 0-B) (0 -D5-c-n(5) ) Srfy
@l T O @) 0

Similar to the proof of Theorem 1, it can be proved that the function f: [0, o) — [1, o)

=1 =1 J ¥
defined by f(ﬂ’—;) = 241 satisfies that £(0) > 1, f'(z) > OVz € [0,00), / (®)=0 ang /" is a
Wt

W1
decreasing function. Under these conditions, f has only one fixed point y; and that g—é converges
to yz. Which implies that the growth rate and the wealth of the risk averse investors also converges.
These results also ensure that the proportion of wealth that entrepreneurs leave as a bequest to the
next generation of entrepreneurs does not exceed 6.
To finish the proof, we can construct recursively the invariant distribution as in Theorem

1. Note that the big difference is that there are two levels of wealth of the entrepreneurs at the

bottom of the distribution, the ones who invest and got only the transfer which represent half of
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them, and the ones whose immediate predecessor was a risk-averse investor which represent a

proportion p of them. Note that this concludes the proof.
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