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Abstract

We develop a model of strategic communication between an uninformed receiver
and a partially informed sender who is guilt averse towards the receiver. As a result,
the sender’s cost of sending a particular message is endogenous, depending on the
receiver’s beliefs induced by this message, rather than on its exogenous formulation.
Such preferences lead to the endogenous emergence of evasive communication, where
the sender preferring to hide his information from the receiver pools with uninformed
types rather than with types observing different information. As a result, the
receiver may prefer an equilibrium with a smaller amount of messages used on
the equilibrium path. Besides, dealing with ex-ante less informed sender can be
beneficial to the receiver, while the sender himself may prefer that his ex ante

likelihood of being informed is smaller.

Keywords: guilt aversion, information transmission, experts, psychological game

theory.
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1 Introduction

Consumers often lack sufficient knowledge to optimally make certain purchase or
investment decisions. In these cases, they must rely on more sophisticated experts,
such as financial advisors, doctors, and consultants. However, incentives affecting these
experts can be inconsistent with what consumers want: truthful, unbiased advice that
helps them to choose the most suitable option. One common example is the commissions
that financial advisors receive if their clients buy specific products, independently of
whether these products match consumer needs (Inderst and Ottaviani 2012, Anagol et
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al. 2017). Physicians are also often incentivized to provide a specific medical treatment
(Gruber et al. 1999, Johnson and Rehavi 2016). The scope of potential fraud is large
enough that there are extensive regulations aimed at mitigating conflict of interest, or
prosecuting fraudulent advice. For example, the UK Financial Services Authority has
implemented bans on commissions paid to independent financial advisors by product
providers (Collinson 2012).

Still, even in the presence of clear financial incentives for biased advice, consumers
considerably rely on this service in practice.! Thereby, they rely also on the indirect costs
arising for the expert from deceiving the consumer. For example, deception can lead to
reputational loss (Bolton et al. 2007), reclamation costs (Inderst and Ottaviani 2013)
or psychological costs, which arise from intrinsic concern for the well-being of the other
party (McGuire 2000, Kesternich et al. 2015).

The present paper theoretically examines the structure of equilibrium communication
when the sender is disciplined by another plausible motivation - guilt aversion (Battigalli
and Dufwenberg 2007), i.e. if he suffers a utility loss if the beliefs that his message induces
do not match the realized outcome. Guilt aversion has gained a significant empirical
support in the recent years. Experimental evidence is documented in Guerra and Zizzo
(2004), Charness and Dufwenberg (2006), Reuben et al. (2009), Khalmetski et al. (2015),
Khalmetski (2016) and Ederer and Stremitzer (2017), among others.®> In particular,
Charness and Dufwenberg (2006), Khalmetski (2016) and Ederer and Stremitzer (2017)
show the relevance of guilt aversion in the context of bilateral communication.

In the model we study, the expert and the consumer are called "the sender" (he) and
"the receiver" (she), respectively. With some probability, the sender observes the state
of the world, which can be either good or bad, while with the remaining probability he
remains uninformed. Then, the sender sends a message to the receiver out of an arbitrarily
large (countable) message space, or refrains from advice. Finally, the receiver must decide
between a risky action (investment) and a riskless action (abstaining), with the former
having a positive payoff for her only in the good state.

The sender is biased to always induce investment independently from the state of
the world, while at the same time being sensitive to guilt toward the receiver (in the
main specification of the model). Guilt is determined by the discrepancy between the
receiver’s payoff expectation conditional on the sender’s message, and the ex post receiver’s
payoff. The sender’s guilt sensitivity is unobservable to the receiver. Thus, the sender is
characterized by both the information that he has observed and his guilt sensitivity (the
latter referred to as the sender’s type).

There are only two qualitatively different equilibria in this game (while all other
existing equilibria are payoff-equivalent to either of them). In the pooling equilibrium,

'For example, a large online survey by Chater et al. (2010) shows that nearly 58 percent of purchasers
of investment products are influenced by advisors.

2See Gneezy (2005), Sutter (2009), Lundquist et al. (2009), Erat and Gneezy (2012) and Fischbacher
and Follmi-Heusi (2013) for experimental evidence for aversion to lying.

3See also Ellingsen et al. (2010) and Vanberg (2008) for conflicting evidence; see Khalmetski et al.
(2015) for a discussion.



the only message leading to investment is the one which is sent by all types observing the
good state. Hence, for the types in the other information states the only way to induce
investment is to pool with the good types on their message. Such equilibrium arises if there
are no other messages which lead to investment while inducing lower receiver’s beliefs.
In the other type of equilibrium, the separating equilibrium, sender types who observe
the bad state of the world do not pool with the types who observe the good state, but
rather send an "evasive" message pooling with the uninformed types (who themselves also
prefer to separate from the types observing the good state). The evasive message affects
the receiver’s equilibrium beliefs less intensively than the highest message in the pooling
equilibrium, and hence is less costly for the sender in terms of expected guilt. Notably, the
separating equilibrium does not arise under purely outcome-based preferences, in which
case the only possible equilibrium is the pooling equilibrium (while all other equilibria are
payoff-equivalent).

A shift from the pooling to the separating equilibrium can be both beneficial and
detrimental to the receiver. In particular, the separating equilibrium allows the sender
to use a psychologically cheap way for inducing investment in the bad state through the
evasive message. This tends to increase the rate of unprofitable investment in the bad
state of the world. At the same time, the pooling equilibrium features higher costs of
communication for uninformed types, which eventually leads to underinvestment in the
good state. Which effect dominates depends on the degree of the monetary conflict of
interest between the sender and the receiver.

We also consider the players’ preferences over the ex ante quality of the sender’s private
information. One of the results is that dealing with an (ex ante) less informed sender can
be preferable for the receiver. This occurs due to the fact that the ex ante probability that
the sender is uninformed affects the receiver’s beliefs conditional on the message, and hence
the expected guilt of the sender. As a result, an (ex ante) more knowledgeable sender can
be, at the same time, more prone to inducing receiver’s response which is suboptimal for
the latter. Under certain parameter values, this effect is sufficiently strong to outweigh the
positive effect of higher quality of the sender’s private information. Similarly, the sender
himself may want to ex ante commit to a smaller likelihood of being informed, since this
may reduce the receiver’s expectations conditional on his message, and hence result in
smaller guilt. Again, these effects cannot be obtained under outcome-based preferences,
in which case both players are never worse off if the sender is more likely to be informed.

Our study relates to several strands of literature. Kartik et al. (2007) and Kartik
(2009) study message-based cost of lying, which depends only on how much the
exogenously given formulation of a message quantitatively deviates from the truth. While
such approach can address a broad range of situations (like reporting company profits
to shareholders), there are limits to its applicability. First, in some cases, states of the
world, which can be reported, cannot be ranked quantitatively (e.g., possible diagnoses
of a patient), so that different possible lies cannot be compared by severity based
only on message formulations. Second, there are many ways in which the expert can

manipulate or mitigate explicit message formulations while conveying the same meaning



(e.g., euphemisms). In contrast, our approach based on guilt aversion provides a measure
of the cost of communication which may address both of these cases: the difference
between expectations induced by the advice and the actually realized outcome.* Besides,
it allows a natural explanation for such empirical phenomenon as vague, or evasive
communication.’

Khalmetski et al. (2017) consider a structurally similar setting (both theoretically
and experimentally) where a sender, who may be either informed or uninformed about
a binary state of the world, sends a message to a risk averse receiver. They also
distinguish separating and pooling communication strategies (terming them as "evasive"
and "direct" lying, respectively), showing that senders may use evasion (i.e. pretending
to be uninformed) to sidestep higher psychological costs from outright lying. At the same
time, their model uses a reduced-form approach by exogenously assuming that the (fixed)
intrinsic cost of evasive lying is lower than the cost of direct lying. In the current setting,
this basic feature of the model is derived endogenously, which allows for further theoretical
implications.

The role of guilt aversion in communication was studied by Charness and Dufwenberg
(2006) and Ederer and Stremitzer (2017). However, in their settings, communication (in
particular, giving promises to behave in a certain way) serves effectively as a commitment
device for a guilt-averse agent in games involving moral hazard. The current setting is
different in that communication also resolves information asymmetry between the sender
and the receiver. More relatedly, Loginova (2012) and Battigalli et al. (2013) study
communication of private information with a guilt-averse sender. However, in both of
these settings, the sender is always informed about the state of the world, so that there is
no scope for strategic pooling with uninformed types as a means to mitigate guilt, which
plays a central role in our model.®

The problem of strategic evasion has been analyzed thus far mainly in verifiable
disclosure settings (Dye 1985, Dziuda 2011, Bhattacharya et al. 2018), where the sender
cannot misreport the observed information, but can only conceal it. Austen-Smith (1994)
studies evasive communication in a mixed setting, where an informed sender can choose
any message, while the uninformed sender cannot conceal the fact that he is uninformed
from the receiver. In contrast to these studies, we show that, once the sender has belief-
dependent preferences, a credible evasion can emerge even with completely unrestricted
communication.

The remainder of this paper is organized as follows. Section 2 presents the model.
Section 3 analyzes existing equilibria. Section 4 studies the effect of the sender’s ex ante
information quality on the welfare of both players. Section 5 presents final discussion. All

4See Sobel (2018) for an analysis and discussion of belief-driven vs. message-driven measures of
distortions in the sender’s communication in sender-receiver games.

%See Serra-Garcia et al. (2011) and Khalmetski et al. (2017) for experimental evidence that senders
indeed tend to use evasive or vague messages instead of explicit lying.

6 A different type of belief-dependent preferences in the context of communication games - concern
for being believed to tell the truth - has been modeled in Abeler et al. (forthcoming), Dufwenberg and
Dufwenberg (2018), Gneezy et al. (2018) and Khalmetski and Sliwka (forthcoming).
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proofs are in the Appendix.

2 The model

2.1 Investment Game

We consider the following Investment Game. The game is between two players, the
sender (he) and the receiver (she). There are two possible states of the world 7 € {G, B}
(good and bad, respectively), each occurring with prior probability 1/2. The state of the
world is privately observed by the sender with probability x € (0,1). That is, there are
three possible states of sender information i* € {G’, B’, N'} (later termed information
states), where G’ corresponds to observation of GG, B’ to observation of B, and N’ to no
information.”

The timing of the game is as follows. In stage 1 the sender chooses action a®,® which
can be either of the following:

- sending a message m to the receiver about the state of the world out of a countable
message space M with |M| > 2 (we impose no other structure on the message space, i.e.
the exogenous formulation of the messages is completely irrelevant),

- refraining from giving advice (which is denoted by @).

In stage 2, the receiver takes a binary action a” € {I, A} (invest or abstain,
respectively) and the payoffs are realized.

The monetary payoffs are as follows. If the sender refrains from giving advice, his
payoff is always 0 independently of the receiver’s action. If the sender sends a message,
then he gets F' if the receiver invests following his advice (independently of the realized
state of the world), and 0 otherwise. The receiver gets 0 if he abstains from investment,
and a state-contingent payoff 7(7) in case of investment such that 7(G) = P and 7(B) =
c. The game tree is given in Figure 1.

Regarding the payoffs, we assume:

1) F' > 0: the sender prefers investment independently of the state (in case of sending
a message);

2) P > 0, ¢ < 0: the receiver prefers to invest only in the good state.

Thus, there is monetary conflict of interest between the sender and the receiver in the
bad state of the world. In terms of applications, a financial advisor can be, for instance,
monetarily biased toward recommending investment in a specific financial product, which
allows him to receive a higher commission (independently of whether this product fits
the receiver’s needs). In a similar way, a doctor can be incentivized by a pharmaceutical
company to prescribe its products to patients.

We also make the following additional assumption about the payoffs.

"The main qualitative results are robust to adding more informational states, e.g. if the sender
(besides being either fully informed or uninformed) can also obtain a noisy signal about the state of the
world.

8Hereinafter, the upper index r refers to the receiver and s to the sender.
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Figure 1: Investment game.

Assumption 1 Investment is ex ante profitable for the receiver, i.e. P > —c.

This restriction is necessary to generate evasive communication in equilibrium
(considered in Section 3.3.3). Otherwise, evasion, i.e. mimicking the uninformed types,
cannot induce investment.?

The assumption 0 < k < 1 is also crucial for our setting (to ensure the credibility
of evasive communication), and reflects the fact that the sender might sometimes fail to
adequately address the receiver’s investment problem (while being aware of this fact).
For example, a doctor might not always be able to detect the true cause of a patient’s
symptoms (and hence, to recommend the right medical treatment), due to the complexity
of the patient’s case, lack of specific experience or competence, or noisy information from
diagnostic tests.

2.2 Preferences
2.2.1 Receiver’s preferences

Denote by u"(a", 7) the ex post utility of the receiver from action a” in state of the world
7. Her expected utility conditional on the sender’s action a® and investment is:’

E'[u"(I,7)[a’] = n(a®) P + (1 = n(a”))c, (1)

In this case, the only equilibrium is the pooling equilibrium, considered in Section 3.3.2.
10 Although formally this specification corresponds to risk neutrality, risk aversion does not qualitatively
change any of the subsequent results as far as investment is still ex ante profitable.
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where 7(a®) = Pr"[G|a®] is the receiver’s belief about the state of the world conditional
on the sender’s action a®. In case if the sender sends a message, we call n(m) the
persuasiveness of the message (in the sense of how persuasive is the message in inducing
investment). The receiver’s utility from abstaining, u"(A), is always 0 (see Figure 1).
Thus, she prefers to invest if and only if her expected utility from investment is larger
than the utility from abstaining, i.e.!!

E"u"(I,7)la®] > E"[u"(A)|a’]

——=n (2)

< na®) >

2.2.2 Sender’s preferences

Outcome-based preferences. As a benchmark case, we consider purely outcome-based
preferences of the sender, i.e. when he cares solely about his and the receiver’s monetary
outcomes. In particular, assume that the sender has some fixed cost p of incurring the
receiver’s losses, e.g., arising from altruistic concerns or potential legal liability, which
he bears if the receiver gets a negative payoff of c.!?> Then, the sender’s expected utility
conditional on investment can be represented in the following form:

Us(0,1) = F — Pr[BJi] - 0p, (3)

where 6 is a sensitivity parameter, which is unknown to the receiver and uniformly
distributed on (0, 6] (for consistency with the model of guilt aversion considered below).
The utility conditional on the receiver’s abstaining is 0 for all sender types, since then
the receiver does not incur losses. Besides, the sender is not deemed accountable for the
receiver’s losses if he refrains from advice, in which case the sender’s utility is equal to his
monetary payoff of 0 independently of the receiver’s action.

Guilt aversion. In the main specification of the model, the sender is assumed to be
guilt-averse, i.e. he dislikes to be responsible for disappointing the receiver’s expectations
(Battigalli and Dufwenberg 2007).!* Such disappointment arises if the sender’s message
induces overly high expectations relative to the eventually realized outcome. Specifically,
the receiver’s expectations induced by message m are disappointed whenever her expected
utility (conditional on m) is higher than her ex post payoff:

D"(m,a",7) = max {0, E"[u"(a", T)|m] — u"(a",T)}, (4)

" Thus, we assume that the receiver prefers abstainment over investment conditional on equal utility,
which is (essentially) without loss of generality for the subsequent results as far as only pure strategies
are considered.

12For simplicity, we assume that the sender has no change in utility if the receiver gets P, although
the equilibrium predictions remain qualitatively the same if the sender would be similarly affected also
in this case. The only assumption that matters here is that the sender’s utility does not directly depend
on beliefs.

13This concept originates from psychological game theory, which presumes that utility can depend on
beliefs per se (Geanakoplos et al. 1989, Battigalli and Dufwenberg 2009).
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where D"(m,a”, ) is the magnitude of disappointment.
Next, we assume that in case of sending message m, the expected guilt of the sender
in information state ¢° is

Gi.(0,m,a") = OE°|D"(m,a", T)|i"], (5)

where 6 is the sender’s sensitivity toward guilt. Finally, the total expected utility of the
sender in information state i® in case of sending message m, denoted by U% (6, m,a"), is
assumed to be additive in the monetary and guilt components:

Uii (evma ar) =F-1; - C;'LSg (67 m, aT')’ (6)

where 1; is an indicator function, equal to 1 if the receiver invests and zero otherwise.

Note that D"(m,a",G) = 0 since the receiver cannot be disappointed by the highest
possible outcome in the good state (i.e. E"[u"(a",7)|m| < P). Consequently, the sender
expects non-zero guilt after sending message m and the receiver investing if and only if
the bad state of the world is realized, which implies

Ui(0,m,I)=F — 0\ (E°E"[u"(a", 7)|m] — ¢), (7)

where \;s is the sender’s probability of the bad state conditional on °. If the receiver does
not invest conditional on the message, then her outcome is no longer stochastic (being
zero in all states), so that E"[u"(A)|m| = u"(A) = 0, implying

D"(m, A, 1) = G5.(0,m,A) = Ui (0, m, A) = 0. (8)

Hence, the sender never expects guilt if the receiver abstains following his message.'*

As in the case of the outcome-based preferences, the sender is not deemed (either
psychologically or legally) responsible for the receiver’s losses if he refrains from advice,
in which case the sender’s utility is 0 independently of the receiver’s action. Thus, the
sender always has an opportunity to completely avoid guilt by just refraining to provide
any advice to the receiver.

The sender’s guilt aversion coefficient # is a random variable, unknown to the
receiver, distributed uniformly on an interval (0,6]. This assumption serves to reflect
the uncertainty of the receiver about the trustworthiness of the sender, which is widely
heterogeneous in the population as documented by many experimental studies (e.g.,
Charness and Dufwenberg 2006).'> Hence, the sender is characterized by both the

4One could argue that the receiver can still be dissatisfied with advice in this case, if she finds out
that she has lost profitable investment opportunities by abstaining in the good state. At the same time,
in many settings the state of the world is not observable for the receiver per se (but only through the
ex post payoff). For instance, the receiver might never realize whether some innovative product fits her
preferences unless she really tries the product.

5From a theoretical perspective, a sufficiently wide distribution of # makes the endogenous variables
of the model (e.g. the frequency of investment in a given information state) continuously depend on the
exogenous parameters, which in turn allows for richer implications in terms of comparative statics.
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information which he has observed 7° and his sensitivity to guilt 8. In what follows,
we refer to # as the sender’s "type".

Note that communication costs defined in the current model may relate not only
to psychological guilt. The term D"(m,a”,7), more generally, is supposed to reflect
the receiver’s dissatisfaction with advice arising from her frustration from unfulfilled
expectations (induced by this advice). In turn, the receiver’s dissatisfaction with advice
can naturally lead to other costly consequences for the sender besides psychological costs,
for example, reputational losses. Naturally, our definition still leaves aside some other
aspects of communication costs, like aversion to induce a wrong decision of the receiver
with own advice (due to, for instance, altruistic concerns for the receiver). In particular,
by (8) the sender bears no costs if the receiver abstains, even if the sender knows that it is
a suboptimal decision. At the same time, it is plausible to assume that in many settings
the advisor is disciplined by the receiver’s perception of the quality of advice rather that
its actual quality.'® These are the settings which fit our model and which are thus at the
focus of the current analysis.!”

Lexicographic preferences. The above specification of the receiver’s preferences implies
that the sender is always certain of the receiver’s investment conditional on m in
equilibrium if 7(m) > n (in which case the receiver prefers investment over abstainment).
However, one can think of a more general setting where the receiver’s likelihood of
investment varies more smoothly with respect to her beliefs conditional on m. This
would be the case, for instance, if the sender were unaware of the receiver’s exact degree
of risk aversion, which could take values on a sufficiently wide range. In such a case,
the likelihood of investment from the perspective of the sender would increase with 7(m)
(also if n(m) goes beyond 7). While we omit a full modeling of this aspect for the sake of
expositional simplicity,'® it is reasonable to leave it in the model at least in the form of
lexicographic preferences.

Assumption 2 [f two messages lead to investment and yield the same positive (negative)
utility for the sender, then he strictly prefers the message inducing a higher (lower)

receiver’s belief.

Note that under guilt aversion this assumption can effectively apply only to types in
state G’ (who are certain that the state of the world is good, and hence experience no
guilt), while types in states B’ and N’ will always strictly prefer one of several messages if

16See Abeler et al. (forthcoming) and Gneezy et al. (2018) for empirical evidence that such image
concerns play a significant role in communication settings.

1"Note that we do not model any costs of lying stemming from the exogenous formulation of the
messages (i.e., their "literal" meaning). First, adding this additional layer of preferences would not
change the qualitative predictions of the model. Second, the main aim of our analysis is to disentangle
the effects stemming purely from belief-driven communication costs, which motivates having such costs
as the only source of informativeness of communication in our model.

18See Khalmetski et al. (2017) where this property of the receiver’s investment is explicitly
incorporated into the analysis in a similar setting.



these messages induce investment while leading to different receiver’s beliefs (and hence,
different levels of expected guilt).

Besides, it is natural to assume that conditional on equal expected utility, the sender
prefers sending a message over completely refraining from advice (e.g., due to some
reputational concerns for being perceived as knowledgeable).

Assumption 3 If a message leads to the expected utility of 0, the sender strictly prefers
this message over refraining from advice.

2.3 Solution concept
The equilibrium outcome is characterized by

1. the strategy of the receiver 0" : {M, @} — {I, A} specifying whether to invest or
abstain conditional on each possible message and sender’s refrainment from advice;

2. the strategy of the sender o : (0,0) x i* — {M, @} specifying whether to send a
particular message or refrain from advice for each sender type 6 and information

state 1%;

3. the receiver’s belief about the state of the world conditional on each sender’s action
n(a®);"

4. all higher-order beliefs about the state of the world conditional on each sender’s
action (for the analysis of guilt aversion).

We apply the solution concept of pure-strategy perfect Bayesian equilibrium, which
implies that the sender’s and receiver’s equilibrium strategies should maximize the
respective expected utility functions given equilibrium beliefs; the receiver’s first-order
beliefs are derived by Bayes’ rule whenever possible; higher-order beliefs are correct
(Battigalli and Dufwenberg 2009).

We define equilibria as payoff-equivalent if the receiver and each sender type in each
information state have the same expected payoff (including the psychological payoff)
between these equilibria. We define an equilibrium where the receiver always invests
(conditional on any sender’s action on the equilibrium path) as inefficient, and otherwise
efficient.

3 Equilibrium analysis

3.1 General properties

Let us consider general properties of all existing equilibria (under either guilt aversion or
outcome-based preferences). First, let us observe that at least one message must be sent

19Since the receiver’s beliefs about the state of the world are sufficient to determine both optimal sender
and receiver strategy, we do not need to additionally specify the receiver’s beliefs about the sender’s type
0 and about his information state 7°.
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in any equilibrium.
Lemma 1 There exists no equilibrium where all sender types refrain from advice.

The reason for the result is that if the sender always refrains from advice, then for any
possible out-of-equilibrium beliefs at least some sender types would have a strict incentive
to deviate to an out-of-equilibrium message.

Then, one can show the following result.
Lemma 2 In any equilibrium, there exists at least one message leading to investment.

The intuition is that if at least one message is sent in equilibrium (which always holds
by the previous lemma), then at least one of them must induce beliefs (i.e. the probability
of the good state conditional on the message) not lower than 0.5 — otherwise, there is a
contradiction to the prior of 0.5. Then, the receiver should invest after this message by
Assumption 1.

Next, those types who indeed observe the good state always induce investment:

Lemma 3 Ifi® = G', then all sender types send a message leading to investment.

Indeed, if the sender observes the good state, his anticipated guilt from inducing
investment is zero, since he knows that the receiver’s expectations are not going to be
disappointed. Hence, his expected utility from any message leading to investment is F,
which is strictly larger than the zero utility from sending a message leading to abstainment
or refraining from advice. Finally, in any equilibrium, there is a possibility for the sender
to send an investment-inducing message by Lemma 2.

In contrast to this case, whenever the sender does not observe the good state with
certainty (i.e. * # G’), the probability assigned by him to the bad state, and hence
the expected guilt from inducing investment, is strictly positive. One can show that the
strategy of such types has a cutoff structure in any equilibrium.

Lemma 4 For each i® € {B’, N'} there ezists a cutoﬁ@s € (0,0] such that all types with
0 < 0;s send a message leading to investment and all types with 6 > 6;s (if any) send a
message leading to abstainment or refrain from advice.

The intuition behind this result is the following. First, there are always types in any
information state who are sufficiently insensitive to guilt to prefer inducing investment
for any receiver’s beliefs (which they can do by Lemma 2). Second, if some type prefers
to induce investment over getting zero (from inducing abstainment or refraining from
advice), then all less guilt-sensitive types would also prefer at least the same message over
zero, hence, also inducing investment. Analogously, once some type prefers the utility of

zero over any possible investment-inducing message, all higher types would also prefer 0,
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and hence would either induce abstainment or refrain from advice. This corroborates the
cutoff structure described in Lemma, 4.2

Finally, note that Lemma 4 implies that the receiver may invest in equilibrium not
only if the matched sender type @ is below the cutoff, but also if 6 is above the cutoff
while the sender refrains from advice (since the receiver’s belief conditional on refrainment
may be sufficiently high). The following lemma describes when this is the case. Denote
by é> the event that the sender’s type is above the cutoff @s in the sender’s realized
information state ¢*. Then, one can show that the receiver invests after refrainment (if on

the equilibrium path) if and only if her beliefs conditional on é> are above the threshold
n.

Lemma 5 If in equilibrium the sender refrains from advice with a positive probability,
then the receiver invests after refrainment if and only if Pr[G|©.] > .

The reason for this result is that the sender types above the cutoffs 531 and 5]\;/ either
all refrain from advice, or all send message(s) leading to abstainment (since the availability
of such messages in equilibrium precludes refraining from advice by Assumption 3). In
the first case, clearly, the event of refrainment corresponds to the event that the sender’s
type is above the cutoff, which leads to the result of Lemma 5.

3.2 Outcome-based preferences

Let us consider the equilibrium characterization in the benchmark case of purely outcome-
based preferences of the sender. We define a pooling equilibrium as follows:

Definition 1 A pooling equilibrium is defined as an equilibrium in which

— ~P
e Some message m is sent if 0 € (0,0] in state G', 6 € (0,0g] in state B', and
~P
0 € (0,0, in state N';

o All other types in states B' and N' (if any) refrain from advice;
o The receiver invests after m, and invests after refrainment if and only if n(2) > n.

o The beliefs after m and & are determined by Bayes’ rule. For any out-of-equilibrium

message m it holds that n(m) = n(m) while the receiver invests after it.*!

The main feature of this equilibrium is that all types who prefer to induce investment
in equilibrium send the same message m. Thus, there is a complete pooling of investment-
inducing types in states B’ and N’ with types in state G'.

20The strategy of the cutoff type 0 = 0« is not specified by Lemma 4 since this type can be indifferent
over inducing investment or getting 0, and hence his equilibrium strategy can be both. However, as this
type has zero measure, his equilibrium strategy does not matter for the subsequent results.

2INote that the definition does not restrict out-of-equilibrium beliefs conditional on refrainment if it
is not on the equilibrium path, which are allowed to be any.
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Figure 2: Pooling equilibrium.

Let us call a pooling equilibrium essentially unique if all other existing pooling

equilibria are the same except for the exogenous value of message m. Then, the following
holds.

Proposition 1  Under outcome-based preferences, there exists an essentially unique
pooling equilibrium.

Indeed, the preferences specified by (3) imply that in any equilibrium all types with
0<0p = F/p (0 < Oy = 2F/p) prefer to induce investment in state B’ (N'), while the
remaining types prefer to get 0 (e.g., by refraining from advice). In turn, the receiver
always prefers to invest after obtaining m, i.e. n(m) > n (see (2)). This holds due to the
fact that all types in state G’ pool on m, which ensures n(m) > 0.5 (while n < 0.5 by
Assumption 1).

Figure 2 shows the basic structure of the pooling equilibrium. Here, each horizontal
line represents the set of sender types for a given information state. The black bracket
indicates types who send message m, while the white bracket indicates types who refrain
from advice. The figure shows three possible subtypes of this equilibrium depending on
whether 5N/ and 53/ are equal to §, which is in turn determined by the value of F (i.e.
the magnitude of the monetary conflict of interest in the bad state of the world).

The pooling equilibrium can be considered as a baseline under outcome-based
preferences since one can show that all other existing equilibria are payoff-equivalent.
Moreover, there exists no efficient equilibrium where types in states B’ and N’ induce
investment while separating from types in state G'.

Proposition 2 Under outcome-based preferences:

(1) All equilibria are payoff-equivalent to the pooling equilibrium.

(ii) There exists no efficient equilibrium where a sender type induces investment in
state i* € {B', N'} with a message not sent by types in state G'.

Part (i) follows from the fact that in all existing equilibria the cutoffs O and Oy are
the same (equal to F'/p and 2F/p, respectively), as noted above. In turn, since under
outcome-based preferences the sender’s expected utility is fully determined by his type,
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information state and whether he sends an investment-inducing message or not (which is
in turn determined by whether he is below or above the cutoff), the claim follows.

The intuition for part (ii) of the proposition is that a separation of types in states B’
and N’ from types in state G’ would imply that the former types induce beliefs lower than
0.5 with their message. In turn, at least some types in state G’ must induce beliefs strictly
above 0.5 in any efficient equilibrium (since all of these types send an investment-inducing
message by Lemma 3, and hence their relative share among all types inducing investment
is the highest). Then, the separating types in states B’ and N’ would have a strict
incentive to deviate to a more persuasive message sent by the types in state G'. Indeed,
under outcome-based preferences, such message would also induce investment (and hence
yield the same expected utility), while at the same time lead to higher receiver’s beliefs
(and hence will be strictly preferred in terms of lexicographic preferences by Assumption
2).

3.3 Guilt aversion
3.3.1 Equilibrium strategies and beliefs

As noted in Section 2.2.1, the receiver invests after a given sender’s action a® € {M, &}
if and only if 1(a®) > 7. In turn, the sender chooses his action to maximize his expected
utility given the receiver’s equilibrium strategy. By (7) and (8), this expected utility is
given by

0 if n(a®) <nora® =g,
Ui(0,a0°,a") = F —0X\s(ESE"[U(I)|a®] — ¢) (9)
=F —0\sn(a®)(P —c¢) if n(a®) > n and a* € M,

where the equality on the right-hand side follows from the consistency of the sender’s
second-order beliefs in equilibrium (i.e. E*E"[U"(I)|a®] = E"[U"(I)|a®*] = n(a®)(P—c)+c).
Thus, in case of sending a message, the sender faces a tradeoff between inducing investment
by being sufficiently persuasive (to ensure n(m) > 1), and at the same time keeping the
receiver’s expectations low to mitigate guilt (7(m) enters negatively in the sender’s utility
function once the receiver invests).

The receiver’s equilibrium beliefs are determined by the sender’s strategy through
Bayes’ rule that results in the following expression.

Lemma 6 The receiver’s equilibrium belief conditional on the sender’s action a® is

Pr[a®|G’|k + Pr[a®|N'|(1 — k)

a) = PGl = A (G Prla B + 2 Pra V(T — )

(10)

Note that Pr[a®|i®] is determined by the sender’s strategy in information state i*, i.e.
by the fraction of types who choose action a® conditional on this information state, while
k denotes the prior probability that the sender is informed.
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The next sections show which equilibria arise from the players’ optimization problems
specified above.

3.3.2 Pooling equilibrium

As in the case of outcome-based preferences, one can show that there always exists an
essentially unique pooling equilibrium.

Proposition 3 There exists an essentially unique pooling equilibrium.

The basic mechanism behind this equilibrium is as follows: In Subtype 1 of the
equilibrium (see Figure 2), the sender’s monetary incentive F' (i.e. the degree of his
conflict of interest) is high enough such that all sender types in all states want to pool on
the message m, which induces investment. If the monetary incentive decreases (Subtypes
2 and 3), then the most guilt-sensitive types in states N’ and B’ prefer to refrain from
advice to avoid guilt. Clearly, the fraction of such types is larger in state B’, where the
expected guilt is higher than in state N’ for a given sensitivity §. Besides, no type has an
incentive to deviate to out-of-equilibrium messages, which lead to to the same receiver’s
beliefs as m does.

The equilibrium beliefs conditional on m are determlned by the cutoffs 9 B and 9 v (in
particular, by substituting (Pr[m|G’] = 1, Pr[m|N'] = 0”’ and Pr[m|B'] = 9—5’ into (10)).
One can show that lower cutoffs correspond to a higher persuasiveness of the message m
(i.e. a higher probability of the good state of the world conditional on the message). As
Proposition 3 implies, the cutoff types which lead to the persuasiveness of m making these
types indifferent between m and @ (i.e. ensuring the equilibrium), are always unique for
given parameter values. Finally, the receiver always finds it optimal to invest following m
by the same argument as in the case of outcome-based preferences.

Note that in the pooling equilibrium there are two types of loss to the receiver from
the ex ante perspective. The first one results from getting message m in state B’ (which is
driven by the monetary bias in sender incentives, termed as bias-driven damage).?*> The
second type of loss is caused by the sender refraining from advice in state N’ in case if the
receiver abstains after this (or guilt-driven damage). In such case, since investment is ex
ante profitable by Assumption 1, the receiver would strictly prefer to invest instead had she
known that the sender is actually uninformed. Such a situation can be interpreted as an
inefficient reluctance of the sender to recommend products that are risky though profitable
from an ex ante perspective. In terms of the medical example, a doctor who is too afraid
of appearing incompetent (or being prosecuted for bad treatment) might prescribe to
his patient only the most conservative traditional treatments with predictable but low
efficiency, instead on providing advice on more innovative (and hence, more risky), but
more promising treatment methods. Analogously, a financial advisor might be reluctant
to recommend reasonably risky but profitable financial products.

228ee Sobel (2018) for the introduction of the notion of damage in communication games. Our
definition is slightly different since the receiver’s loss is calculated from the sender’s ex ante perspective
rather than from the ex post perspective.
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Finally, note that under a certain range of parameters there also exists a payoff-
equivalent equilibrium where the sender types above the cutoff pool on a message which
leads to the receiver’s abstainment (and hence to a utility of 0 for the sender) instead
of refraining from advice. This equilibrium exists whenever the receiver’s beliefs induced
by such message do not trigger investment (as otherwise the corresponding sender types
would rather prefer to avoid guilt by refraining from advice).

3.3.3 Separating equilibrium

Note that generally types in state G' have different preferences over receiver beliefs relative
to types in the other states: while the former prefer to send a more persuasive message
by lexicographic preferences (while their expected guilt is always zero), sender types in
states B’ and N’ always strictly prefer a less persuasive message. As shown below, such
asymmetry gives rise to the possibility of separation between types in state G’ on the one
side, and types in states B’ and N’ on the other.

In particular, we define the separating equilibrium where, besides the most persuasive
message m as in the pooling equilibrium, an additional "evasive" message m is used.

Definition 2 Separating equilibrium is defined as an equilibrium in which

e Some message m is sent by all types in state G';

~ . . ~5 0 ~S
e Some other message m is sent if 6 € (0,0 in state B', and § € (0,0y,] in state
N';

e All other types in states B' and N’ (if any) refrain from advice;

e The receiver invests after m and m, and invests after refrainment if and only if
() > 1.

o The beliefs after m, m and @ are determined by Bayes’ rule. For any out-of-

equilibrium message m it holds that n(m) € [n(m),n(m)], while the receiver invests
after it.>

Let us call a separating equilibrium essentially unique if all other existing separating
equilibria are the same except for the exogenous value of messages m and m and out-of-
equilibrium beliefs. Then, the following holds.

Proposition 4 There exists an essentially unique separating equilibrium if either of the
following holds:

o v € (0,59);

o k€ [%,%5—1?) andF<§(P+c)%.

23 As in the case of the pooling equilibrium, out-of-equilibrium beliefs conditional on refrainment if it
is not on the equilibrium path are allowed to be any.

16



0 m o 0 m o ! (4] ¢
—— ¢ o, e
0 m o 0 i 0 ¢ 0 m o v 4
B = > p e A oM p atE—
0 8 0 85, 0 0 a5 9
Subtype 1: Subtype 2: Subtype 3.
High conflict of interest Medium conflict of interest Low conflict of interest

Figure 3: Separating equilibrium.

Otherwise, there exists no separating equilibrium.

The scheme of this equilibrium is given in Figure 3. Besides types sending the highest
message m (black figure bracket) and types refraining from advice (white figure bracket)
as in the pooling equilibrium, there is a set of types using the message m (gray figure
bracket).

The intuition for this equilibrium is the following. Sender types in state G’, facing no
guilt, have the same utility from both m and m, which is equal to F' as the receiver invests
after both messages. At the same time, since m leads to higher receiver’s beliefs, they
strictly prefer it over m in terms of lexicographic preferences. Types in states N’ and B’,
who induce investment, face a strictly positive expected guilt, and hence strictly prefer
the evasive message m since n(m) < n(m) (while the monetary payoff is the same). Hence,
the evasive message provides a way to mitigate guilt by inducing less optimistic payoff
expectations on the part of the receiver, while still keeping her investing after receiving
advice. Besides, no type has an incentive to deviate to any out-of-equilibrium message m
as far as the corresponding beliefs are in the specified range.?*

The receiver’s incentive constraints are n(m) > 7 (investment after m) and n(m) > n
(investment after m). The first constraint is trivially satisfied. The second constraint
(meaning that the evasive message is sufficiently credible) is satisfied whenever the share
of truly uninformed types is sufficiently high (i.e. x is sufficiently low):

2(P+c¢)
K < P (11)
In addition, in Subtype 2 of the equilibrium, the only interior cutoff /9\2, should be
sufficiently distant from the boundary € (so that there is no excessive pooling of types in
state B’ pretending to be uninformed), which places additional restriction on the monetary
bias F' (see case 2 of Proposition 4).
Note that types in state N’ who send message m still experience guilt even though

24 As in the case of the pooling equilibrium, one can get a payoff-equivalent equilibrium (under a stricter
parameter range) if the sender types above the cutoff send an abstainment-inducing message instead of
refraining from advice.

17



they do not inflate receiver’s expectations above their own belief about the state of the
world. This can be seen as empirically plausible by the following reasons. First, we
abstract away from the exogenous meaning of messages so that m does not necessarily
mean "truth-telling" in its literal sense for the types in state N’. Second, the receiver, after
getting message m, can never be sure whether the sender is indeed uninformed, or just
pretended to be so while in fact knowing in advance that the investment is unprofitable.
Hence, she may still be frustrated with the sender’s advice, which could ultimately cause
the corresponding intrinsic or extrinsic costs for the latter.

Regarding inefficiencies arising for the receiver in equilibrium, the separating
equilibrium can also feature bias-driven damage (in Subtypes 2 and 3) and guilt-driven
damage (in Subtype 3), as in the pooling equilibrium. At the same time, one can show that
the cutoffs in the separating equilibrium are higher that in the pooling equilibrium, which
generally leads to weakly higher bias-driven damage yet weakly lower guilt-driven damage
(see Section 3.3.5 below for the analysis of the corresponding welfare implications).

Lemma 7 Whenever the separating equilibrium exists, for anyi® € {B’, N'} it holds that
~S P ~P
0,. > 0., with a strict inequality if and only if 0, < 6

The reason for this is that the evasive message m is strictly less persuasive, so that
a larger fraction of sender types in a given state prefer to induce investment with this

message.

3.3.4 Other equilibria

The following proposition justifies the focus of the current analysis on the two types of
equilibria considered above.

Proposition 5 Any existing equilibrium is payoff-equivalent to either the pooling or
separating equilibrium.

The intuition for this result is that there can be at most two levels of persuasiveness of
investment-inducing messages in equilibrium: one for messages sent by types in state G’,
and one for messages sent by types in states B’ and N’. Any heterogeneity within these
two groups of messages would imply a strict incentive to deviate for the sender: the types
in state G’ would always like to deviate to the most persuasive message (according to the
lexicographic preferences, see Assumption 2), while the types in the other states would
always strictly prefer the least persuasive message (which then yields a lower expected
guilt). Hence, either all types inducing investment send messages with the same level
of persuasiveness in all states, or the types in state G’ separate (inducing n(m) = 1).
In turn, one can show that these two cases would yield the same level of equilibrium
persuasiveness of investment-inducing messages as in the pooling and the separating
equilibrium, respectively. Flnally, the equlhbrlum level of persuasiveness uniquely pins
down the indifferent cutoff types [ p and [ ~7, which finally leads to payoff equivalence

18



of any existing equilibrium to either the pooling or the separating equilibrium for both
players.

Hence, the remaining equilibria are essentially equivalent to either the pooling or
the separating equilibrium in the sense of being characterized by the same receiver’s
beliefs emerging in equilibrium (as far as the corresponding message induces investment).
Technically, the only difference of these equilibria from the baseline equilibria considered
above is that the former just allow for a larger quantity of differently formulated
(investment-inducing) messages on the equilibrium path, which, however, have the same
"meaning", i.e. the same receiver’s beliefs conditional on the message, as in either the

pooling or the separating equilibrium.

3.3.5 Welfare comparison

As shown in the previous sections, guilt aversion on the side of the sender allows for
the separating equilibrium, in which sender types preferring to conceal their information
from the receiver pool with uninformed rather than differently informed types, and which
does not arise under purely outcome-based preferences. This section considers whether
this structure of equilibrium communication is eventually detrimental or beneficial to the
receiver and the sender relative to the pooling equilibrium.

Receiver’s utility. Consider the receiver’s utility from the ex ante perspective, i.e.
before she observes the sender’s message. Omne can show that the receiver’s ex ante
expected utility can be both higher and lower in the separating equilibrium than in the
pooling equilibrium, depending on the monetary conflict of interest.

Proposition 6 Assume the separating equilibrium exists. Then, there exists F* > 0
such that the pooling equilibrium yields a higher ex ante utility for the receiver than the
separating equilibrium if F' > F* (strictly so for some F), and a lower utility if F < F*
(strictly so for some F).

This result is based on the fact that the cutoffs in the separating equilibrium are
higher (see Lemma 7), since message m in the separating equilibrium is less persuasive,
and hence less costly in terms of guilt than message m in the pooling equilibrium. This
relation of the cutoffs implies that the rate of bias-driven damage (sending an investment-
inducing message in state B’) is higher in the separating equilibrium. On the other hand,
a lower cutoff in state N’ in the pooling equilibrium implies that the rate of guilt-driven
damage (refraining from advice in state N’, see Figure 2) is higher there. Recall that this
is also detrimental to the receiver’s utility since she prefers investment over abstaining
ex ante (by Assumption 1). Thus, the sender’s option to use the evasive message in the
separating equilibrium has two effects on the receiver’s utility. The negative effect stems
from providing psychologically cheap opportunities for the sender to induce investment
after observing the bad state by credibly pretending to be uninformed. The positive effect

stems from raising the efficiency of communication of uninformed types, whose expected
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guilt in case of inducing investment is reduced. The total effect depends on which of these
two effects dominates.

In particular, if F' is sufficiently large, then both pooling and separating equilibria
are of either Subtype 1 or Subtype 2, where there is no guilt-driven damage (see Figures
2 and 3). Consequently, the total effect of a switch from the pooling to the separating
equilibrium is limited to enhancing bias-driven damage in state B’, which leads to a
welfare loss for the receiver (except for the case when both equilibria are of Subtype 1
when the receiver’s ex ante expected utility does not change). If, to the contrary, F is
sufficiently small, both pooling and separating equilibria are of Subtype 3. Then, besides
the negative effect, there is an additional positive effect of equilibrium separation (from
types in state G') due to a reduction in guilt-driven damage. The clear-cut result here
is that the positive effect in this case is always larger than the negative effect related to
bias-driven damage.?’

If F' is between the aforementioned thresholds, then the overall effect of a switch to the
separating equilibrium depends on how large is the scope of guilt-driven damage in the
pooling equilibrium. If F' is sufficiently close to the lower threshold, guilt-driven damage
is large enough to induce the overall positive effect. On the other hand, if F' is closer to
the upper bound, then the increase in bias-driven damage becomes the dominant effect,
making the receiver worse off in the separating equilibrium. As stated in Proposition 6
there is a unique threshold F™* which divides these two cases.

Sender’s utility. From the perspective of the sender, the separating equilibrium is
always the preferred equilibrium.

Proposition 7 Whenever the separating equilibrium exists, it yields a higher expected
utility for any sender type in a given information state than the pooling equilibrium, and
strictly so for some types.

Intuitively, any sender types inducing investment in states B’ and N’ would benefit
from the evasive message m in the separating equilibrium being less persuasive (and hence
implying a lower expected guilt) than message m in the pooling equilibrium. Moreover,
since the cutoffs in the separating equilibrium 79\25 are higher, the types between 553 and /9\;9
would benefit from switching from refrainment in the pooling equilibrium (which yields a
utility of zero) to sending an investment-inducing message in the separating equilibrium
(which yields a positive utility). Finally, the types in state G’ (always obtaining F') and

the types refraining from advice in both equilibria will be indifferent between them.

25The reason for this is as follows. First, note that a switch from the separating to the pooling
equilibrium leads to an overall reduction of investment in states N’ and B’ (due to the decrease in
the cutoffs). At the same time, the expected receiver’s payoff conditional on obtaining an investment-
inducing message in these information states remains the same in both equilibria. This is ensured by
the fact that the ratio of the cutoffs in states N’ and B’ is the same (see Lemmas 12 and 15 in the
Appendix). Finally, this conditional expected payoff is positive, because the receiver invests after m in
the separating equilibrium. Hence, the switch from the separating to the pooling equilibrium in this case
effectively results (merely) in contraction of ex ante efficient investment, yielding a loss in terms of the
ex-ante utility of the receiver.

20



4 Welfare effects of ex ante information quality

This section analyzes implications of guilt aversion for the players’ preferences regarding
the sender’s ex ante information quality « (i.e. the ex ante likelihood of him being informed
about the state of the world). In particular, we consider whether the receiver is better
off when dealing with an ex ante more informed sender, and whether the sender himself
ex ante prefers to be better informed. Strikingly, this is not always the case in both

instances.

4.1 Receiver’s preference over ex ante information quality

Common intuition suggests that once the receiver is rational, and thus cannot be made
worse off by communicating with the sender, she should benefit from the sender being
more informed. However, as shown below, guilt aversion may cause a negative externality
of the sender being more informed for the receiver’s welfare under certain conditions. The
reason is that for an ex ante less informed (and guilt-averse) expert it is sometimes easier
to commit to providing truthful advice.

The following proposition summarizes the comparative statics of the receiver’s ex ante
expected utility with respect to x in both pooling and separating equilibria (recall that
all other existing equilibria are payoff-equivalent to either of them by Proposition 5).

Proposition 8 (i) In the pooling equilibrium, the receiver’s ex ante expected utility

strictly decreases in k if and only if both of these conditions hold:

o UL < F < 1f(—2¢+ P+ /P?+2¢(P — 0)),
e K E (%;P*C), H*) where k* < 1 is some threshold.

(ii) In the separating equilibrium, the receiver’s ex ante expected strictly decreases in
k if and only if both of these conditions hold:

e F<050(P—c),

o K C (/{ ’W) where K** > 0 is some threshold value.

Consider the pooling equilibrium. There, an increase in x has two effects: a direct
positive and an indirect negative. The positive effect relates to the fact that once the
sender is informed (i.e. is either in state G’ or B’) the receiver is more likely to invest in
the good than in the bad state of the world. The reason for this is that the share of types
inducing investment in state B’ is lower than such share in state G’. On the other hand,
if the sender is uninformed, then the receiver is equally likely to invest in both states of
the world. Moreover, there can be foregone investment in the good state of the world
(due to guilt-driven damage), which never happens with an informed sender. Altogether,
this implies that

E[U"|G'v B'] > E[U"|N'], (12)
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so that an increase in k and, hence, the probability of facing an informed sender has a
positive effect on the receiver’s welfare (all else equal).

However, an increase in k has also an indirect negative effect on the receiver’s welfare
through guilt aversion. In particular, higher x implies that the message m is more likely
to be sent by informed types, which by (12) should lead to higher receiver’s expectations
conditional on the message (all else equal). This results in higher expected guilt of the
sender from sending m, pushing the cutoffs down. This can result in an increase in guilt-
driven damage, which under some parameter values can overweigh the positive effect
described in the preceding paragraph.

In the separating equilibrium, an increase in x again has two effects. The first (positive)
effect is the same as in the previous case: all else equal (i.e. for given cutoff values), the
receiver prefers to deal with an informed rather than an uninformed sender. The second
(negative) effect is driven by guilt aversion: higher x decreases the persuasiveness of the
evasive message m. In particular, higher x implies that the share of truly uninformed
types is lower, so that the evasive message m becomes less credible and rather signals
types in state B’ who want to conceal their bad news. By being less persuasive, the
message m induces less guilt on the part of the sender so that the equilibrium cutoffs
increase. If the equilibrium is of Subtype 2, this leads to a decrease in welfare due to the
spread of bias-driven damage. Under certain parameter values this can render the total
effect of higher k to be negative.

Thus, the ex ante likelihood of obtaining the informative signal affects the sender’s
anticipation of guilt, and hence the rate of truth-telling conditional on a given information
state. This mechanism leads to seemingly paradoxical cases where even a completely
rational receiver prefers to deal with the sender, who is less likely to have the information
she needs.?

4.2 Sender’s preference over ex ante information quality

Consider the preference of a given sender type over his likelihood of being informed from
the ex ante perspective, i.e. before his informational state is realized.?”
The effect of k for the sender’s ex ante expected utility is summarized in the following

proposition.
Proposition 9 (i) In the pooling equilibrium:

o if I > 0.50(P — c), then the sender is indifferent over his probability of being
informed.

26 A positive effect of noise in the sender’s information (through a different mechanism than
considered here) is also found by Blume et al. (2007) within the benchmark cheap-talk framework of
Crawford and Sobel (1982).

2TNote that a change in x after the sender’s information state is realized cannot affect the sender’s
state of knowledge anymore (and, correspondingly, the receiver’s beliefs about it), and thus would not
have any effect on the players’ welfare.
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e if F < 0.50(P—c), then the sender strictly prefers ex ante a lower (higher) probability
of being informed if his type is sufficiently low (high).

(ii) In the separating equilibrium, the sender always strictly prefers ex ante a higher

probability of being informed.

First, consider the pooling equilibrium. If F' > 0.50(P — ¢), then the equilibrium is of
Subtype 1 (see Figure 2), where all sender types induce investment while the receiver’s
beliefs conditional on m are always equal to her prior of 0.5. In this case, clearly, the
sender’s ex ante expected utility does not change with k.

If F < 0.50(P — c), then the cutoff /H\g, is smaller than 0, so that at least some types in
state B’ should refrain from advice and, hence, condition their decision on the obtained
information. Then, for a given level of expected guilt, such types would be strictly better
off when knowing the state of the world rather than staying uninformed, in which case
they are not able to adjust their behavior to the state. For instance, if some type refrains
from advice while being uninformed (and hence gets a utility of 0), he would still induce
investment and gain F’ with probability 0.5 (i.e. in state G') in case if he knows the state.

At the same time, as considered in the previous subsection, the level of k also affects
the receiver’s equilibrium beliefs, in that higher x leads to higher beliefs conditional on
m (unless the equilibrium is of Subtype 1, where the receiver’s beliefs are constant). This
is detrimental to the sender’s utility by causing higher expected guilt. Whether this
negative effects overweighs the positive effect described above depends on the sender’s
guilt sensitivity. In particular, sufficiently low sender types (in particular, below the cutoff
/H\g,) always invest in equilibrium, i.e. do not condition behavior on their information, and
hence do not benefit from the positive effect of being (objectively) better informed. At
the same time, they still suffer from higher guilt stemming from the amended receiver’s
beliefs conditional on m as a result of higher k. Thus, for these types the overall effect
of k is negative, i.e. they would prefer to commit ex ante to a lower likelihood of being
informed. Note that under the range of F' and k specified in Proposition 8(i), both the
receiver and the lowest sender types would prefer that the ex ante information quality is
lower (in the pooling equilibrium).

In contrast, sufficiently high types must vary their behavior in equilibrium depending
on information state i* (unless the equilibrium is of Subtype 1). Hence, their benefit from
knowing the state of the world is the largest (given also that their utility in state N’ tends
to be low, or even zero). One can show that for these types this benefit overweighs the
loss from higher expected guilt conditional on m due to higher . Thus, these types would
prefer to commit ex ante to the highest possible likelihood of being informed.

Next, consider the separating equilibrium. In the same way as before, the sender
benefits from knowing the state of the world and, hence, being able to condition his
behavior on this state. Besides, a higher ex ante likelihood that the sender is informed
implies that the evasive message m is less persuasive, in which case the sender has lower
expected guilt. Thus, an increase in x has always a positive effect on the sender’s ex ante

utility in the separating equilibrium.
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4.3 Comparison to the outcome-based model

Notably, the result that the receiver’s or the sender’s welfare can decline with the ex ante
quality of the sender’s information x cannot be explained by outcome-based preferences.

Proposition 10 Under outcome-based preferences, the ex ante expected utility of both the
receiver and the sender never decreases with k.

Intuitively, under outcome-based preferences an increase in x does not affect the
sender’s utility from inducing investment in a given information state, and hence the
equilibrium cutoffs and the rate of bias-driven or guilt-driven damage. Hence, the only
effect of k which matters for both players is the resulting change in the distribution of
the sender’s information states, i.e. a change in the probability of state N’ relative to the
other information states. As shown in the previous subsections, all else equal, both the
receiver and the sender always benefit (or are indifferent) if the probability of state N’
is lower (i.e. k is higher). In particular, the receiver benefits from ex ante more efficient
advice once the sender has a higher probability to be informed (since she is then relatively
more likely to invest in the good state of the world than in the bad one). At the same
time, the sender benefits from being more likely to be able to adjust his decision to the
realized state of the world.

5 Discussion

This paper studies a model of strategic communication where the sender is guilt averse
towards the receiver. The main result is that guilt aversion may cause a specific structure
of equilibrium communication where the sender types observing the bad state of the world
induce investment by pooling with uninformed types, while separating from those types
who observe the good state. The emergence of such evasive communication is based on
the sender’s incentives to reduce the receiver’s ex ante payoff expectations as much as
possible, while still keeping her choosing the most preferred sender’s action (investment).
Mimicking the uninformed types naturally fits these sender’s incentives by being less
persuasive than pooling with the types observing the good state, yet sufficiently persuasive
to induce investment. Notably, such equilibrium is impossible under purely outcome-based
preferences if the likelihood of the receiver’s investment is even slightly sensitive to her
beliefs conditional on the message (which implies at least lexicographic preferences of the
sender for higher beliefs of the receiver).

Guilt aversion still allows for another (pooling) equilibrium, which also arises under
outcome-based preferences, where all types inducing investment pool on the same message.
Which of the two equilibria (pooling or separating) is more beneficial to the receiver
depends on the parameter values. In particular, the sender’s guilt from inducing
investment in the bad state is always higher in the pooling equilibrium, since pooling with
types in the highest information state inflates the receiver’s expectations (while separating
from these types, respectively, reduces them). This works as a disciplining device for the
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sender in the pooling equilibrium and, hence, reduces the receiver’s expected damage
in case if the sender observes the bad state. At the same time, the total effect for the
receiver’s welfare may still be ambiguous since higher guilt of the sender in the pooling
equilibrium may also cause inefficient refrainment from advice by truly uninformed sender
types.

Another important consequence of guilt aversion is that higher ex ante quality of
the sender’s information may backfire for both the receiver and the sender under certain
conditions. In particular, the receiver may prefer to deal with an ex ante less informed
sender, while the sender himself would sometimes prefer to ex ante commit to a lower
quality of his information. The underlying reason for these effects is that the ex ante
likelihood of the sender being informed ultimately affects the receiver’s beliefs conditional
on the equilibrium messages, which in turn changes the level of expected guilt (which
is relevant for the sender) and, hence, the sender’s incentives to induce investment in
different information states (which is relevant for the receiver). At the same time, the
incentives to reduce one’s own information quality for the sender may arise only in the
pooling equilibrium, which further underlies the importance of the ultimate equilibrium
structure under guilt aversion. Besides, such preferences over information again cannot
be explained by the outcome-based model. Altogether, this suggests that guilt aversion
may create adverse incentives with respect to information transparency in the economy;,
which opens up an interesting direction for future research.

In terms of further policy implications, our results suggest that the equilibrium message
space may play an important role for the receiver’s welfare when she interacts with a
monetarily biased (yet potentially guilt-averse) sender. A richer message space would
correspond to the separating equilibrium, where the sender may evade high guilt from
deceiving the receiver by pretending to be uninformed. Hence, in certain situations
a policy maker who aims to protect the receiver from fraudulent advice may want to
restrict the sender’s communication to explicit statements (to induce a pooling equilibrium
structure). At the same time, conventional policies involving punishment of explicit lying
(in case it is verifiable ex post) may lead to the emergence of more opaque equilibrium
communication (i.e., a separating equilibrium structure), which can eventually backfire
for the receiver. Further research may clarify how policy interventions in the sphere of
expert advice could be adjusted to possible effects of guilt aversion and, more generally,

belief-dependent preferences.
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Appendix: Omitted Proofs

A.1 General equilibrium properties

Proof of Lemma 6. We have

PrGla] Pr[a})]f[?isf]’r[G]

(Pr[a®|G' N G| Pr[G'|G] + Pr[a®|N' N G] Pr[N'|G])0.5
Pr[a®|G'] Pr[G’] + Pr[a*|N'] Pr[N'] + Pr[a®| B’ Pr[B’]
(Pr[a®|G'| Pr[G'|G] + Pr[a®|N'] Pr[N'|G])0.5
Pr[a®|G’| Pr[G’] + Pr[a®|N'] Pr[N'] + Pr[a®|B'| Pr|B’]

Pr[a*|G'|k + Pr[a®|N'|(1 — k)

B (Pr[a®|G'] + Pr[a®|B'])k + 2 Pr[a’|N'|(1 — k)’ (13)

n(a®)

where the second equality is by Bayes’ rule, the third equality is by the law of total
probability, and the fourth equality is by the fact that equilibrium messages of any sender
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type 0 are fully determined by his information state, i.e., Pr[a’®|i* N G] = Pr[a®|i*] for
i*e{N,G}. m

Proof of Lemma 1. Assume by contradiction that there exists an equilibrium where
all sender types refrain from advice, and hence get utility of 0. If there exists at least one
out-of-equilibrium message inducing receiver’s beliefs higher than 7 (and hence leading to
investment), then at least all types in state G’, who have no expected guilt, would deviate
to this message obtaining F' > 0. In the other case, if all out-of-equilibrium messages
induce abstainment, then all sender types would strictly prefer any of such messages over
refrainment by Assumption 3. m

Proof of Lemma 2. By Lemma 1 in any equilibrium there should exist at least one
message sent with a positive probability. Assume by contradiction that all messages used
on the equilibrium path induce conditional beliefs (weakly) lower than 7 (so that the
receiver abstains after all of them), i.e.,

Vm € Tg, Pr[G|m] <n, (14)

where T g is the union set of all messages sent with a positive probability in equilibrium.
Denote the event that the sender is sending a message m € Tg by Tg. Note that since
there exists at least one message leading to the receiver’s abstainment, no sender type

would refrain from advice by Assumption 3 so that
Pr[Tp|G] = Pr[Tg] = 1.
Consequently, by Bayes’ rule,

Pr{G|TH] = Pr[?r%?"[(;] — Pr(G] = 0.5, (15)

At the same time, by the law of total probability and the fact that the message space is
countable by assumption,

Pr[GTs] = Y Pr[Glm]Prm]
< > nPrml=n Y Prfml=n=5— <05, (16)

where the first inequality is by (14) and the second inequality is by Assumption 1. Since
(16) contradicts (15), the claim follows. m

Lemma 8 A necessary condition for the existence of equilibrium is that the
persuasiveness of any investment-inducing message used in states i® € {B', N'} is the

sarme.
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Proof. Assume by contradiction that there exist two investment-inducing messages
my and my sent in at least some of the information states i* € {B’, N’} such that
n(my) > n(ms).

Consider first outcome-based preferences. Since under these preferences the expected
utility of the sender is fully determined by his type and the receiver’s response, all types
inducing investment have the same expected utility conditional on both m; and m..
Consequently, any type 6 who sends my in equilibrium (and hence has a positive expected
utility if the receiver invests) would like to deviate to m; by lexicographic preferences
(Assumption 2). Thus, my cannot be an equilibrium message.

Next, consider the case of guilt aversion. If i* # G’ (so that A\;s > 0) we have

Ui(0,m(mq),I) = F—0X\sn(mq)(P—c) < F—0\sn(mo)(P—c) =U%(0,n(ms), I). (17)

Then, any type 6 would strictly prefer my over m; in any information state i* € {B’, N'}.
Thus, m; cannot be an equilibrium message. m

Proof of Lemma 3. Assume by contradiction that some sender type 6 in state G’
does not send a message leading to investment so that his expected utility is 0 under both
preferences. At the same time, by Lemma 2 there exists at least one message m’ leading
to investment. By (3) and (9), the expected utility from sending this message in state G’
is equal to F' > 0 under both preferences. Consequently, the sender would have a strict
incentive to deviate to m’, which yields a contradiction. m

Proof of Lemma 4. Consider the case of guilt aversion. By Lemma 2 there
exists at least one message leading to investment in equilibrium. Next, by Lemma 8
all messages leading to investment sent by types in states B’ and N’ have the same
persuasiveness, which we denote by 7. Consider further the following possible cases for
given i* € {B', N'}.

Case 1: UL(0,1|n') > 0. Then, since US(6,I|n’) is continuously decreasing in 6 for
given 1’ (see (9)), it follows that for all # < @ it holds

that is all sender types in state ¢° should strictly prefer to send a message leading to
investment (which must exist in equilibrium by Lemma 2) over 0 (which would result
from sending an abstainment-inducing message or refraining from advice).

Case 2: U3 (0,I]n') < 0. In this case, since at the same time U2 (0, I|/) = F > 0, by
the intermediate value theorem there must exist type ;s € (0, 0] such that

-~

Us (0, I|1) = 0. (19)

Then, for all § < ;- it holds Us(0,1|n") > 0. These types strictly prefer to send a message
leading to investment over alternative actions. At the same time, for all § > 6, (if such
types exist, i.e. if 0 < 6) it holds Us(0,I|n') < 0, so that these types strictly prefer
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to send a message leading to abstainment or refrain from advice over sending a message
leading to investment.

Hence, in all possible cases, if there exists an equilibrium, then it must have the cutoff
structure described in the lemma.

The proof for the case of outcome-based preferences follows the same arguments. m
Proof of Lemma 5.

Claim 1. The sender types strictly above the cutoffs /H\B/ and 5]\;/ either all refrain
from advice or all send message(s) leading to abstainment.

Proof. Assume by contradiction that some sender types above the cutoffs send
message(s) leading to abstainment (which leads to the sender’s utility of 0 under both
preferences), and some refrain from advice (which also leads to 0). Then, the latter
types would have a strict incentive to deviate to any message leading to abstainment by
lexicographic preferences (Assumption 3).

Claim 2. If Pr[G |é>] < 1, then the receiver abstains in equilibrium in case if 6 > 0.

Proof. By Claim 1, the sender types above the cutoff either always send an
abstainment-inducing message, or all refrain from advice. In the first case, the claim
follows immediately. In the second case, the receiver’s belief conditional on refraining is

n(@) = Pr[G|@] = Pr[G|O.] < n,

where the inequality is by initial assumption. Consequently, the receiver abstains as well.

Claim 3. If Pr[G|(:)>] > 1, then the sender types strictly above the cutoffs always
refrain from advice in equilibrium.

Proof. Assume by contradiction that Pr[G|©5] > n and there exists type 0 > 62 who
sends a message leading to abstainment in equilibrium (messages leading to investment
cannot be sent by types 6 > @ in equilibrium by Lemma 4). Then, by Claim 1, all
sender types above the cutoff send a message leading to abstainment. Denote the set of
all messages sent by types above the cutoffs in states B’ and N’ by T~. Denote the event
that the sender’s message belongs to T as f>. Note that by Lemma 4 any message from
T is never sent by the types below the cutoff, which implies

Pr[G|6.] = Pr[G|T].

Consequently, we have

Pr[G|6.] = Pr[G|T.]= ) Pr[GlmnY.]Prm|T.]
meTs
= ) Pr[Gm]Prim|T.] < > nPrm|YT.] =n,
meTs meYT>

where the second equality is by the law of total probability and the fact that the overall
message set is countable by assumption, and the inequality is due to the fact that all

messages in 1< must induce abstainment. In turn, this contradicts the initial assumption
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of Pr[G|©5] > 7.
Claim 4. If Pr[G|©.] > 1, then the receiver invests after & if on the equilibrium
path.
Proof. If Pr[G|©.] > 7, then by Claim 3 the sender types above the cutoff must
all refrain in equilibrium (while the types below the cutoff never refrain by Lemma 4).
Consequently,
Pr[G|2] = Pr[G|6-] > 1,

where the inequality is by assumption. Hence, the receiver would always prefer to invest
conditional on the sender refraining from advice.

The claim of the lemma follows jointly from Claims 2 and 4. =

A.2 Outcome-based preferences

Proof of Proposition 1.
Claim 1. Under outcome-based preferences, the equilibrium cutoffs are given by

Oy = min{0, F/p}, (20)
Oy = min{f,2F/p}, (21)

Proof. Assume by contradiction that this is not the case. Note that by Lemma 4
in any equilibrium the sender induces investment in state i* € {B’, N'} if 0§ < 0, and
obtains 0 if § > @-s. Then, some sender types would have a strict incentive to deviate
since by (3) the sender prefers the receiver’s investment over 0 in state B’ (N’) if and only
if 0 < F/p (0 <2F/p).

Claim 2. Under outcome-based preferences, there exists an essentially unique pooling
equilibrium.

Proof. Consider a putative pooling equilibrium with the cutoffs given by (20) and (21),
while the receiver’s belief conditional on any out-of-equilibrium message being set at n(m).
The utility function (3) implies that the sender prefers a message leading to investment
over 0 if and only if he observes the good state or § < F'/p in state B’ or § < 2F/p in state
N'. Hence, no sender type has an incentive to deviate from sending m to refrainment
or the other way round given the receiver’s response. Besides, no sender type has an
incentive to deviate to any out-of-equilibrium message m given that n(m) = n(m) by
assumption.

Consider the receiver’s incentives to invest after m (the receiver’s incentive constraint

in case of the sender’s refrainment is satisfied by construction). By Lemma 6

Pr[m| G|k + Pr[m|N'](1 — r)

(Pr[m|G"] + Pr[m| Bk + 2 Pr[m|N|(1 — k)
Pr[n|G')k + Prlm|N'](1 — k)

2Pem|G 1 2PN — ) 0

Pr|G|m|

32



where the first inequality follows from the fact that Pr[m|B’] < Pr[m|G’| by construction
of the equilibrium, and the last inequality is by Assumption 1. Hence, the receiver always
finds it optimal to invest after m (and hence after m given that n(m) = n(m)).

Thus, all incentive constraints are satisfied so that the prescribed strategies and beliefs
constitute an equilibrium.

Finally, by Claim 1, all existing equilibria have the same cutoffs. Hence, all existing
pooling equilibria can only be different in terms of exogenous formulation of the messages.
Consequently, the initially considered pooling equilibrium is essentially unique. m

Proof of Proposition 2.

Claim 1. All equilibria are payoff-equivalent to an existing pooling equilibrium.

Proof. Consider any existing equilibrium. Let us show that it is payoff-equivalent to
a pooling equilibrium (existing by Proposition 1).

By Claim 1 in the previous proof the cutoffs 52, and 5; in any two equilibria are the
same. Hence, by Lemmas 4 and 5, the receiver’s action conditional on a given sender’s
type in a given informational state (except for the zero measured cutoff types) must be
the same between the equilibria. Consequently, the receiver’s expected payoft is also the
same.

ConAs}Dder any given sender’s type 6 in an informational state ¢*. Note first that the
cutoffs 0, for i* € {B’, N’} are the same between the equilibria by Claim 1 in the previous
proof. Then, we can have the following cases:

- If ¢ € {B',N'} while 6 > ai, then by Lemma 4 the sender obtains 0 in both
equilibria.

-Ifi* € {B', N'} while § < @i, then by Lemma 4 the sender obtains the same expected
payoff of F' — Pr[B|i*] - 0p in both equilibria.

-Ifi* € {B’, N'} while 0 = 55 < 6, then the sender must be indifferent between 0 and
sending an investment-inducing message, and thus expects 0 in either equilibrium.

- If i* € {B',N’'} while § = @ = 0, then the sender is either again indifferent
between 0 and sending an investment-inducing message, or has a strictly positive utility
from inducing investment in both equilibria obtaining the same expected payoff of
F — Pr[B|i®] - 0p.

- If i* = G’, then by Lemma 3 the sender always obtains I’ in both equilibria.

Hence, any given sender’s type in any informational state has the same expected utility
in both equilibria.

Claim 2. In any given equilibrium all messages inducing investment have the same
PETSUASTVENESS.

Proof. Assume by contradiction that there are two distinct messages m’ and m” on the
equilibrium path which induce investment while n(m’) > n(m”). The utility of any given
type from sending these messages given by (3) is the same. Then, all types sending m”
in equilibrium (whose expected utility conditional on investment must be positive, since
otherwise they would deviate to refraining from advice) would strictly prefer to deviate
to m’ by the lexicographic preferences (Assumption 2).
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Claim 3. There exists no efficient equilibrium where a sender type induces investment
in state i* € {B', N'} with a message not sent by types in state G'.

Proof. Assume by contradiction that this is the case. Note that all message inducing
investment must lead to the same persuasiveness 1’ by Claim 2. Since some messages
induce investment while being sent only by types in states B’ and/or N’ by assumption
(while Pr[G|B'] =0 < Pr|G|N'] = 0.5), we must have

7 <0.5. (22)

Note also that since the equilibrium is assumed to be efficient (i.e., the ex ante likelihood
of investment is smaller than 1), then by Lemma 4 and the fact that 6 < 6y (see (20)
and (21)) we have

O <. (23)

Next, denote by T the set of all messages inducing investment in equilibrium. Denote
by T the event that the sender’s message belongs to Y;. By the law of total probability
and the fact that the message space is assumed to be countable, we have

Pr[GIT;] = Y Pr[Glmn T Prlm|T]
= 3" PeGlm] Prm| Ty = S o Pelm| Y] = . (24)

At the same time, it holds

Pr[Y;|G')k + Pr[Y;|N'](1 — k)
(Pr[Y|G") + Pr[Y;| Bk + 2 Pr[Y;|N')(1 — k)
Pr[Y;|G')k + Pr[Y;|N'|(1 — k)
2 Pr[Y |k + 2Pr[Y;|N'](1 — &)

Pr[G|T;] =

= 0.5, (25)

where the first equality follows by Bayes’ rule by the same derivations as in (13), and the
inequality is due to Pr['f;|B’] < Pr[fﬂG’] by Lemma 3 and (23). (24) and (25) finally
lead to

n > 0.5,

which contradicts (22).

The statement of the proposition follows from Claims 1 and 3. =

A.3 Guilt aversion: General properties

Lemma 9 A necessary condition for the existence of equilibrium is EN/ > 53/.

Proof. Assume by contradiction that there exists an equilibrium such that
/Q\N/ < /éB/. (26)
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Then, by Lemma 4 all types in the interval @N/,@B/) obtain 0 in state N’ and induce

investment in state B’. Consequently, these types have a negative utility from any

investment-inducing message in state N’ (otherwise they would deviate to such message),

and a positive utility from inducing investment in state B’ (otherwise, they would deviate
&). Hence, for any ¢’ € (/Q\N/,EB/) it holds

U (0,0, 1) <0< Ug(0',7,1), (27)

where 7) is the persuasiveness of investment-inducing messages in states * € {B’, N'}
(unique by Lemma 8). At the same time, for any 6 € (0, 0] it holds (given (9))

U (0,n,I)=F —6n(P—c) < F—050n(P—c)=Ux(6,7,1), (28)
which yields a contradiction to (27). m

Lemma 10 A necessary condition for the existence of equilibrium is that either /Q\is <0
and U (055, n(m(05)), 1) = 0 or 0 = 0 and U3 (6,n(m(0;)),1) > 0.

Proof. Denote by 77 the persuasiveness of investment-inducing messages in states
i° € {B/ N’} (unique by Lemma 8). Assume by contradiction that equilibrium exists and
cither ;s < 6 and US( s, 1M, 1) # 0 or 0, = 0 and US(GZ ,m,I) <0 for some i* € {B’, N'}.
Let us demonstrate a contradiction in each of these cases separately.

Case 1: 0= < 0 and U;. ( 1, 1) # 0.

First, let us consider the case U (0;+,7, 1) > 0. Then, since U3 (6,7 .1 ) is Continuously
decreasing in 6 (see (9)), there would exist types sufficiently close to 6 such that 6 > 0,
and U5 (0,7,1) > 0. At the same time, according to Lemma 4 such types get the utility of
0 in equilibrium, so that they would have a strict incentive to deviate to an investment-
inducing message yielding the positive utility U2 (6,7, I). Analogously, if U% (51 ., 1) <0,
then types sufficiently close to /0\, on the left have a negative utility from inducing
investment and hence a strict incentive to deviate to refraining from advice. We have

come to contradiction in all possible cases.

Case 2: 0; = 0 and U3(0,7,1) < 0.

Then, analogously to the previous case, there would exist types 6 such that 6 < 5,;5 and
Us(6,7m,1) < 0, which then would like to deviate from sending an investment-inducing
message to refraining that yields a contradiction. m

Lemma 11 A necessary condition for the existence of equilibrium is EN/ =

min {9, 253/} .

Proof. Denote by 77 the persuasiveness of investment-inducing messages in states
i* € {B', N'} (unique by Lemma 8). Assume by contradiction that an equilibrium exists

and EN/ + min { 0, 2531 . Let us consider two possible cases EN/ < 6 and EN/ = 0.
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Case 1: @\N/ < 0. By Lemma 9 it then follows 53/ < 0. Consequently, by Lemma, 10
and equation (9) we have

U (O, 0,1) = F—0pi(P—c)=0, (29)
U (On,0,1) = F—050x0(P —c)=0. (30)
This implies
- F
Op = —— 31
=y 1)
- F
Oy = ——— 32
N 0.57(P — ¢)’ (32)
and, consequently,
GN/ = 293/. (33)

This, together with gN/ < @, implies min {9,253/} = 253/, which finally yields a
contradiction to /Q\N/ 2 min {@, 253/}.

Case 2: EN/ = . Since we have also assumed EN/ Z# min {@, 253/}, this implies

0+ min{@,Z/Q\B/} (34)
= /G\B/ < 0.50. (35)

Next, we have

Us(0,5,1) = F—0.505(P —c)
= U (0.50,7,1) <0, (36)

where the inequality holds due to 65 < 0.50 by (35) and the fact that U% (6,7, I) is strictly
decreasing in 6. Consequently, types sufficiently close to € in state N’ would strictly prefer

refrainment over an investment-inducing message which contradicts 0y = 6. =

A.4 Pooling equilibrium

Lemma 12 [f the strategies and beliefs are specified according to Definition 1, then the
sender has no Pz’ncentives to devlgate if and only if thPe following two conditions hold:
1) either 0 < 0 and U, (0, m(m),I) =0 or Op = 0 and U, (0, n(m), I) > 0.

~P _ P
2) O = min {9, 203,}

Proof. The necessity of both conditions follows by the arguments given in the proofs
of Lemmas 10 and 11. Let us consider their sufficiency and assume that both conditions
hold. First, no type in state G’ has an incentive to deviate to refrainment while his utility
from investment F’ is strictly positive. Second, it is straightforward to show that, once the
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first condition holds, no type in state B’ has a strict incentive to deviate to refrainment
given that U 5,(52/, n(m), I) is continuously decreasing in its first argument.

Let us show that all types in state N’ also do not have incentives to deviate to
refrainment. Consider the following possible cases.

’\P — /\P /\P —
Case 1: 05 < 0.50. Then, by assumption, 6, = 205 < 6. Hence,

~P ~P
U]%/(GN/,T]CI/TL),I) — U]%,(QQB/,H(T_R),I)
~P _
~P
= Up/(0p,n(m),I) =0, (37)

~P —
where the last equality follows from 65 < 0.50 and the first condition of the lemma.
Then, by the same arguments as in the case of state B’, no sender types in state N’ have
an incentive to deviate to 0.

Case 2: EZ, > 0.50. Then, by assumption, 5; = 0. This yields

Usy (O, n(m), 1) = U0, m(m), 1)
(

= F— 056’7]( )(P —¢)
> F- 93/( (P — )
= Up (@ n(m). 1) > (38)

~P _

where the first inequality follows from 65 > 0.50 and the second one from the first
~P

condition of the lemma. Then, for all # < 6, it holds Ug.,(0,n(m),I) > 0, so that no

sender type in state N’ has an incentive to deviate to 0.

Finally, no type in either state has a strict incentive to deviate to out-of-equilibrium
messages which are equally persuasive as m (see Definition 1). =

~P _
Corollary 1 In any pooling equilibrium, 6 5 = min {m, 0 }
Proof. Note that min {m,é} = 0 if and only if U3, (6, n(m),I) > 0. Then, the
result follows from Lemma 12. m
~P

Lemma 13 If the strategies and beliefs are specified as in Definition 1 and 0y =

_ P ~P ~P ~P
min {8,293,}, then U, (05, n(m|0g/),I) is continuous and strictly decreasing in 0y on
(0,0].

~P ~P ~P
Proof. The continuity of U}, (05, 1n(m|05/), I) follows from the continuity of n(m|fp/) in
~P P

~P - N ~P A~
0, given also that 65, = min {0, 293,} is continuous in #g. Note that n(m|f5 ) and

P ~P _ _ ~P _ ~P
hence U} (05, n(m|0g), 1) are differentiable at all 5 € (0,60] except for 05 = 6 (the
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~P — ~P - ~P

endpoint) and 65 = 0.50 (since 0, = min {0, 20 B,} is not differentiable at this point).
~P

For all other values of 0, it holds

~

P ~P ~P
AUy Op (M), 1) _ 0U3 |, 0Ufy dn(m|fy)

~ — ~ (39)
b, 00, O o,
Substituting for U3, from (9) we get
~P ~P ~P ~P
dUS/ 0 ’y T 0 / ,] N 6 T 0 ! 7 0 i
b (B (m ) >__(P_C)9;< n(nigun(ny)), (40)
df 00, 05

~P _ P
Further, consider the following possible cases given that ,, = min {9, 20 B,}.

~P

CCLS@ 1.. /H\Z/ € (07 059), QN/ - 2/8\21.
~P _ ~P
Then, by (10) (substituting Pr[m|G'] = 1, Pr[m|N'] = 20,/0 and Pr[m|B’] = 05,/0)

2@;(1 — k) + K0

~P
n(ml0p) = — — (41)
P
This function is convex in 6 :
Pn(mBy)  2(2 — K)(4 — 3x)K0
5 = 5 — >0 (42)
RICIE (4 —3k)0p5 + kO)3
The convexity implies
On(m|0p) _ n(m|0p) —n(ml0) _ n(m|0p) —1 4
—p > ~P = ~P ’ (43)
aeB/ HB/ 0B/
where the last equality is by (41). Then, coming back to (40) we have
~P ~P
On(mlfg)  n(ml0p)
~P ~P
893/ HB/
~P ~P
n|0g) —1 |0 5
S ﬁ(m‘/\g ) i 77(771L B)
eB/ QB/
~P P
2n(mllg) —1 1 0 —0p
- %:ATAP“( B)_ >0, (44)
93/ 03/ 63/(4_3K/>+6/€

where the first inequality is by (43) and the last equality by (41). Taken together, (44)
and (40) lead to the claim for Eg, € (0,0.50).
_ =P

Case 2: /H\Z, € (0.50,0), 05, = 0.

38



P _
In this case, Pr[m|G’] = 1, Pr[m|N’] =1 and Pr[m|B’] = 05, /6 so that (10) implies

P 0
n(mlfp) = —5 —. (45)
KOg + (2 — k)0
Then, it is possible to obtain a simple closed-form solution for the RHS of (40):
~P ~P
In(m|bp) , n(m|0p)
~P ~P
agB/ QB/
K0 0
- TP — T 5 —>p —
(KOg + (2— k)02 Og(kOg + (2 — K)0)
=2
= (2= r)o > 0. (46)

00 (kBy + (2 — 1)B)?

~P _
Taken together, (46) and (40) lead to the claim for for 65 € (0.50,0).

-~

~P
Finally, since U}, (05, n(m|65/), ) is continuous at all points as noted in the beginning,
the claim holds for the whole interval (0,6]. =

Lemma 14 If the strategies and beliefs are speciﬁec/i\ as n ijgm'tion 1, then for any given
parameter values there always exist unique cutoffs 0z and 0y, such that the sender does
not have incentives to deviate. Moreover:

1) If F > 0.50(P — c) then 52/ = gf,, =0.

2) If F € [02=2,0.50(P — c)) then 0, €

3) If F < 02=¢ then 51;, € (0,0.50) and

4—K

59,8) and By, = 8.
~P
- 293/ .

0.
~P
0N
Proof. For notational simplicity denote

~P ~P _ ~P
w(0p) = Up (05 n(m|0p:), 1) (47)
. /\P . n AP . . .
with 05, = min {9, 20 B,}. Consider the cases listed in the lemma.

Case 1: F > 0.50(P — c¢). Consider the properties of w(-) at the exterior point 6.
First, note that
~P _
n(m|fg = 0) = 0.5, (48)

which results from substituting Pr[m|G'] = Pr[m|N’] = Pr[m|B’] = 1 into (10). Then,
w(f) = F — gn(in[fy = 0)(P — ¢) = F — 0.50(P — ¢) > 0, (49)

where the second equality follows from (48) and the inequality by the assumption of the

~P P _
case. Then, the sender has no incentives to deviate if 85 = 05, = 6 by Lemma 12. At

the same time, it follows from Lemma 13 and (49) that
V0 < 0, (0) > 0. (50)
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~P ~P —
Consequently, by Lemma 12 there are no possible cutoffs except for 5 = 05, = 0 such
that the sender does not have an incentive to deviate.

Case 2: F € [#£=2 0.50(P — c)). We have

4—K

©(0) = F—0-n(mffy =0)(P —c¢)=F >0, (51)
w(@) = F—(mlfy =8)(P—c)=F —0.50(P —¢) <0, (52)

where the last inequality follows by the assumption of the case. Then, from Lemma
13 and the intermediate value theorem it follows that there exists a unique cutoff value
0< 52, < 0 such that w@;,) = 0 (the necessary and sufficient condition for an interior
cutoff by Lemma 12). At the same time, the cutoff 52, = 0 is impossible due to (52) and
Lemma 12, so that the existing interior cutoff is the only possible cutoff. Lemma 12 also
implies that the corresponding unique cutoff in state N’ where the sender does not have

~P _ ~P
incentives to deviate is then given by 65, = min {9, 20 B/}.

Let us show that in this case 52, > 0.50. By Lemmas 13 and 15 it holds
~P _ _
0 > 0.50 < w(0.50) > 0. (53)

From (10) we get

_ ~P 7
n(m|0g = 0.50) = T

so that
w(0.50) = F — 0.50

—(P—c) =0, (55)

where the inequality follows from the assumption F' € [#£=5 0.560(P — ¢)). By (53) and
(55) it then follows that 52/ > 0.50.

Case 3: F < §2=¢. From w(0) > 0, w(f) < 0 and Lemmas 13 and 12 it follows that

. . . ~P ~P . ~P . 7 ~P .
there are unique (interior) cutoffs #5, and 6,, with 6, = min {9, 20 B,}. Finally, (53),

_ ~P _
the left equality in (55) and F' < Gf__g result in 05 < 0.50. =

Proof of Proposition 3. Lemma 14 shows that for any parameter values there exist
~P ~P
unique cutoffs 65, and 0, such that the sender does not have an incentive to deviate once
the receiver plays according to the prescribed equilibrium strategy. Besides, the receiver
does not have an incentive to deviate from her prescribed strategy after & by (2). Thus, to
prove the claim of the proposition we need to show that the remaining receiver’s incentive
constraint
P
n(mlfp) >

~P
(ensuring investment after m) is satisfied given the unique possible equilibrium cutoffs 6 5,
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~P
and 0,,. By Lemma 6 we have

Pr[m|G'|k + Pr[m|N'|(1 — k)
(Pr[m|G] + Pr[m|B)r + 2 Pr[m|N'](1 — r)
Pr[m|G')x + Prm|N](1 — k)
2 Prm|Gr + 2Pm N (L) T (56)

n(m)

where the first inequality follows from the fact that Pr[m|B’| < Pr[m|G'] by Lemma 3,
and the last inequality is by Assumption 1. Hence, the receiver always finds it optimal to
invest after m.

Thus, for any possible cutoffs Eg, and /9\2, where the sender does not have incentives
to deviate (which in turn exist for any parameter values by Lemma 14) the receiver also
does not have incentives to deviate. Moreover, the values of the cutoffs in any pooling
equilibrium uniquely determine the sender’s equilibrium strategy (by Definition 1), and
the receiver’s equilibrium beliefs and hence strategy. Since these cutoff values are unique
by Lemma 14, any given pooling equilibrium is essentially unique (i.e. all other pooling
equilibria can be different only in terms of exogenous formulation of m). This completes
the proof. m

A.5 Separating equilibrium

Lemma 15 If the strategies and beliefs are specified according to Definition 2, then the
sender has no incentives to deuviate if and only if the following two conditions hold:

1) either/e\z, <0 and Ug,(/e\z,,n(ﬁl),f) =0 07"52, =0 and U, (0,n(m), I) > 0.

2) 9>, = min {é, 252,} .
Proof. Note that no type sending m in states B’ or N’ has an incentive to deviate to m
(leading to n(m) = 1) due to higher expected guilt. At the same time, all types in state
G’ strictly prefer m over m by lexicographic preferences (Assumption 2). The subsequent
proof is based on the same arguments as the proof of Lemma 12 for the case of the pooling
equilibrium. m

~S _
Corollary 2 In any separating equilibrium, 6 5 = min {m, 0}.

Proof. Note that min {m,é} = 0 if and only if U3, (0, n(m),I) > 0. Then, the
result follows from Lemma 15. m

-~

Lemma 16 If the strategies and beliefs are specified as in Definition 2 and 0y =
s 5 S . . , g

min {9,203,}, then U (0, m(m|0g), I) is continuous and strictly decreasing in 0g on

(0,0).
Proof. As in the case of the pooling equilibrium (see (39)-(40)), U3, (EZ,, n(ﬁz@;), I)is

. .5 .
continuous in 6, while

~S S S S
dUE’<9B’777(m|0B’)7[> _ —(P— C)/é;/ <877(m‘9B’> + 77(””‘%3/)) (57)
do, 905, 7,
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for any 5;, € (0,0] except for 5;, = 0.50 and /H\Z, = 0. Consider the following possible
cases given that gfv, = min {@ 252,}
Case 1: 93, € (0,0.50), HN, = 293,
_ S _ S
Then, by (10) (substituting Pr[m|G’] = 0, Pr[m|N'] = 205,/0 and Pr[m|B’] = 05,/0)

2(1 — k)

S

i.e., is constant. Thus,
~S
on(m|0g
00 5
that together with (57) leads to the claim for 52, € (0,0.50).
~S — — ~S _
Case 2: O € (0.50,0), 0, = 6.
In this case, Pr[m|G'] = 0, Pr[m|N'] = 1 and Pr[m|B’] :/0\2,/9 so that (10) implies

_ S (1—-k)0
n(fdy) = — L (60)
2(1 — k)0 + KOz
Then, it is possible to obtain a simple closed-form solution for the RHS of (57):
S S
ol , n(ild)
90>, 7,
(1—k)K0 (1—k)0
= T35 — T 5 s Z
2(1 — k)20°
= (1-r) > 0. (61)

0o (505 +2(1 — )0)2

By (61) and (57) the claim follows (for /H\Z, € (0.50,0)).
Finally, since n(r?z]b\B,), and hence U, (53,,77(7%@3,), I), is continuous at any 52/ €
(0, 6] the claim holds for the whole interval (0,6]. =

Lemma 17 If the strategies and beliefs are specified d as mn Deﬁmtzon 2, then for any given
parameter values there always exist unique cutoffs 0z and 0 N such that the sender does

not have incentives to deviate. Moreover

1)IfF > M then HB, —HN, 6.
9 IfF e [9(1 Ar-0 70 sy then Oy € [0.58,8) and f = 6.

4—3K 2
7 ~S _ ~S ~S
3) If F < 22029 yhen g, € (0,0.50) and Oy = 20,

Proof. The proof proceeds analogously to the case of the pooling equilibrium. For
notational simplicity denote

6(Or) = Uy (0, n(]03), T) (62)
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~S - ~P
with 05, = min {9, 20 B,}. Consider the cases listed in the lemma.

Case 1: F > é“%ﬁf—d. Consider the behavior of ¢(-) at the exterior point . We

have
1—x

2— K’
which results from substituting Pr[m|G’'] = 0 and Pr[m|N’| = Pr[m|B’] = 1 into (10).
Then,

n(mf0y, = 0) = (63)

11—k

6(0) = F — On(iifiyy = 0)(P — ) = F b —

where the second equality follows from (63) and the inequality by the assumption of the

(P—c)>0, (64)

N ~S _
case. Then, the sender has no incentives to deviate if 05 = 05, = 0 by Lemma 15. At
the same time, it follows from Lemma 16 and (64) that

VO < 0,6(0) > 0. (65)

~S ~S _
Consequently, by Lemma 15 there are no possible cutoffs except for 05 = 6,, = 6 such

that the sender does not have incentives to deviate.

Case 2: F e |2U=rP=9) 9(1_”)(13_6)). We have

60) = F—0-n(iffy =0)(P—¢)=F >0, (66)
6(0) = F—én(m@‘;:9)(13-@:17-9;::@—0)<o, (67)

where the second equality follows by (63), and the inequality follows by the assumption
of the case. Then, from Lemma 16 and the intermediate value theorem it follows that
there exists a unique cutoff value 0 < 5;, < 0 such that gb(/é;,) = 0 (the necessary and
sufficient condition for an interior cutoff by Lemma 15). At the same time, the cutoff
52, = 0 is impossible due to (67) and Lemma 15, so that the existing interior cutoff is the
only possible cutoff. Lemma 15 also implies that the corresponding unique cutoff in state
N’ is then given by gif, = min {9, 2/9\2,}.

Let us show that in this case 52, > 0.50. By Lemmas 16 and 15 it holds
~S _ _
O > 0.50 < ¢(0.50) > 0. (68)

From (10) we get

(|05 = 0.50) = 2(1_—_32) (69)
so that
$(0.50) = F — 0.5925_—_3:)(}7 —¢) >0, (70)

where the inequality follows from the assumption F € é(lfﬁéffc), 5(17;2(:%)). By (68)

and (70) it then follows that /H\z, > 0.56.
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Case 3: F < éu%éf_c). From ¢(0) > 0, #(f) < 0 and Lemmas 16 and 15 it follows
-5 -~ S .
that there are unique interior cutoffs 65 and 6, with 6, = min {0, 292,}. Finally, (68),

_ 5 -
the left equality in (70) and F' < % result in 65 < 0.56. m

Proof of Proposition 4. To show the claim of the proposition we need to find the range
of parameters such that the receiver’s incentive constraints are satisfied given the unique
equilibrium cutoffs 52, and ?9\;?,, where the sender does not have incentives to deviate,
which always exist by Lemma 17 (in which case the obtained separating equilibrium will
be essentially unique given the unique values of the cutoffs). Clearly, since message m is
sent by the sender only if he has indeed observed the good state of the world, it holds
n(m) =1 > n, so that the receiver always prefers to invest after m. Let us consider the

remaining incentive constraint which ensures investment after m

c

~5
~9/ > - — .
Nwl0) >0 = —5—

(71)
We consider this constraint in three possible parameter cases according to Lemma 17.

— S —
CCLS@ .Z.. F Z % and QB, - QN/ - 9
By (63) we have

~5 — 1—r
WGl =) = S (72)
so that Py
~ . c c
n(m|93, = 9) > —m =~ kK < P (73)
Case 2: F e |20=0(P=0) 80-0(P=0) %  [0.50,8) and Oy = 0
ase 2: F € i T , 0 €10.50,0) and 0, = 6.
Substituting for n(m|/§Z/) given that /H\; = 0 we get
~ S (1 -k
n(fdy) = —0— (74)
(1 — k)20 + Klp
Since 77(7%@;,) is differentiable on (0.50, #), for this interval
=S S .S
on(m|0g)  On(m|0g) 00 p, (75)
— — _
oF o0, oF
The first term in the RHS is
On (7|0 Or(1 — k)
e e ey ] (76)

S
Consider the second term. By the implicit function theorem and the fact that ¢p(65) =0
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. S5 L. . .
(since 6, is interior by assumption) we have

oy dsjoF 1

OF 961005 06005

> 0, (77)

where the last inequality follows by Lemma 16. Finally, (75)-(77) lead to

S
3n(m\93/)

oF < 0. (78)

~ S . .. . . 55
Given continuity of n(m|fz/), we obtain that it is strictly decreasing on [0.56,6). Then,

~S =
under considered range of psarameters, n(m|6 g, ) obtains its highest value if F' = %
so that, correspondingly, 65 = 0.50 (see (70)). In this case
_ oS — 2(1—&)
Consequently, if
2(1 — k)
4-35 - 1!
2(P+c¢)
R T (80

_ =S
then for any F' in the considered parameter range the incentive constraint n(m|fz) > n
is violated. < .
At the same time, by (76) 7(m|0 /) is bounded from below by its value at 65 = 6. In

this case,
1—k

~S _
n(fly =)= 5— (51)
Consequently, if
11—k
2—K 1
P+c
< K< 82
ne it (52)

~ . .
then for any F' in the considered case the incentive constraint 7(m|0z/) > 7 is satisfied.

Next, consider the case when k € [P te 2P+c) ) Then,

P 7 2P+c
_ &S _ 2(1—=&)
g = 050)= —7—> 83
n(mlfg )= > (83)
~S — 11—k
m 9 A 0 - < . 4
Wiy = 8= 3" <n (34)

This, together with (76) and the intermediate value theorem, implies that there exists
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~S _

a threshold value of 65 € (0.50,0] such that the incentive constraint binds, i.e.,
~5

n(m|0p) = n. This equality yields

S 01—k c
nliy) = —0n
(1 — k)20 + KO ¢
~ P 1—k)0
o, = PHIl=r)f (85)

—CK

Substituting this into ¢(6 B,) we get

o) — p- TR (e oy

—CRKR

s (P—i—c)lil—/i)@’ (86)

S
which together with the cutoff condition ¢(6z) = 0 (see Lemma 15) implies that the
S
value of F which leads to n(m|0p/) =7 is

T Gl (87)

- S
In(m|0gr)=n K

~ S . . . .
Then, since n(m|fz ) decreases with F' in the considered case by (78), the receiver’s

incentive constraint (71) is satisfied, given x € [P te, 22(11216 ) if and only if

F<9(P+c)(1;H). (88)

Note also that for the considered range of x it holds

(1—k) < 0(1 — k)(P —c¢)

K 2 —K ’

(P +c)

e. (88) is a binding constraint in Case 2.

In sum, in Case 2 the receiver’s incentive constraints are satisfied whenever x < P +C

for any F or k € [%, 29;%) and F < (P +c) (1’;)..

Case 3: F < M 93/ € (0,0.50) and GN, = 293/
Substituting Pr[m|G'] =0, Pr[m|N'] = 293,/0 and Pr[m|B’| = 5;,/9 into (10) we get

2(1 — k)

S
M) = . (59)
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Then,

2(1 - k) R c
4 -3k T="p ¢
2(P+c¢)
& 0<k< 2P 1o (90)

determining the parameter range where the incentive constraint (71) holds.

Merging Case 1, Case 2 and Case 3 together, we obtain that an (essentially unique)
separating equilibrium exists if and only if either of the following holds:

Case 1:

ps 00 —;2(1:—@ e P;c;
Case 2:

(e [h5e=0 Mooy P

(re [t ) e [F325020))

Case 3: _

(1 —k)(P—c) 2(P +c)
FE(O, 15 )/\/@<T+C.

This is equivalent to the statement of the proposition. m

~P _ P -~ _ S
Proof of Lemma 7. Given that 6,, = min {9,2«93,} and 0y, = min {9,2«93,} (by

~S ~P
Lemmas 12 and 15), it is sufficient to show the claim for 5 and 05. We have that in a
~P
pooling equilibrium for any 6
~P
n(m|fg) > 0.5 (91)

(see (56)). At the same time, in a separating equilibrium

n(iml0s) = Pr|G|im] = Pr[GIN' 0] Pr[N'|] + Pr[G| B’ N ] Pr|B'|i]
= 0.5Pr[N'|m] < 0.5, (92)

because at least some types in state B’ send m so that Pr[N’|m] < 1. (91) and (92) yield
~P _ S
n(m|0p:) > n(m|0s) (93)

so that . ; » »
U]SE’(QBH n(mWB’)v ]) > UE’(QBH n(m|93’)7 I) (94)

~P — ~P ~P . .
If 05 < 0 so that Ug/(0g,n(m|0g), 1) =0 by Lemma 12, then (94) implies

~P S
Ub(0g,mn(m|0g),1) > 0. (95)
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~S ~P ~S
Then, 05 > 05 by Lemma 15 and the fact that U}, (0,n(m|0g ), I) is decreasing in the
first argument. i

In the other case, if 05 = 0, by (94) and Lemma 12

_ S
Uk (0,n(ml|0g),I) > 0. (96)

Consequently, all types in state B’ Is)refer to send m in a separating equilibrium and the
only possible equilibrium cutoff is 6, = 0. =

A.6 Other equilibria under guilt aversion

Lemma 18 If any two equilibria are characterized by the same persuasiveness of
investment-inducing messages in states i* € {B',N'} (in the sense of Lemma 8), then

these equilibria are payoff-equivalent.

Proof. Denote by 7) the persuasiveness of messages used in states i® € {B’, N’} (unique
by Lemma 8). We need to show that, if in any two equilibria 7 is the same, then all
sender types in all states and the receiver have the same distribution of payoffs in both
equilibria.

Claim 1. The cutoffs Op and @N/ do not differ between the equilibria.

Proof. Assume the opposite by contradiction. Then, given that 5N/ is uniquely
determined by 53/ by Lemma 11, at least in one equilibrium it must hold EB/ < 0 (denote
this cutoff as 53/1). Then, by Lemma 10 it should hold

Up(01,79,1) =0,
which gives

VO < Opn,UL(0,7,1) >0,
VO > O, Us(0,7,1) <0.

Then, by Lemma 10 no equilibrium can have a cutoff in state B’ different from 5]3/1 given
7, which yields a contradiction.

Claim 2. The equilibria are payoff-equivalent for the receiver.

Proof. The receiver’s distribution of payoffs for given sender type # and information
state i* depends only on the receiver’s action and the state i® (since the distribution of the
state of the world is uniquely determined by i*). At the same time, the correspondence
of receiver’s actions to sender types (except for the zero measured cutoff types) in each
information state ¢* is uniquely determined by the cutoff in this state (by Lemmas 4 and
5). Since the cutoffs do not differ between the equilibria, the claim holds.

Claim 3. The equilibria are payoff-equivalent for the sender.

Conii]gier any given sender’s type 6 in an informational state ¢*. Note first that the
cutoffs 0,. for i* € {B’, N'} are the same between the equilibria by Claim 1. Then, we
can have the following cases:
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- If i* € {B', N’} while 6 > bi, then by Lemma 4 the sender obtains 0 in both
equilibria.

-Ifi* € {B’, N'} while 6 <
expected payoff of F' — §\;s7)(P — ¢) in both equilibria.

-Ifi* € {B’, N'} while 0 = /Q\i < 0, then the sender must be indifferent between 0 and
sending an investment-inducing message, and thus expects 0 in either equilibrium.

- If ©* € {B',N'} while § = gjj = 0, then the sender is either again indifferent
between 0 and sending an investment-inducing message, or has a strictly positive utility

~P
0.., then by Lemma 4 and (9) the sender obtains the same

i

from inducing investment in both equilibria obtaining the same expected payoff of
F — 0 \sn(P — c).

- If i* = G’, then by Lemma 3 the sender always obtains F' in both equilibria.

Hence, any given sender’s type in any informational state has the same expected utility
in both equilibria.

Claim 1. There can exist only two types of equilibria:

- where all types in state G' pool with types in the other states (Type 1);

- where no type in state G' pools with types in the other states (Type 2).

Proof. The claim is equivalent to showing that there exists no equilibrium where some
types in state G’ pool with types in the other states (i.e. send a message which is also
chosen by some types in states B’ or N’), and some types in state G’ separate from types
in the other states (i.e. do not send such a message). Assume by contradiction that this is
the case. By Lemma 3, any separating type in state G’ must also send a message. Hence,
there exists at least one message m’ sent by such types such that n(m’) = 1. Then, this
must hold for any m sent in state G’ since otherwise the types sending messages with a
lower persuasiveness in state G’ would like to deviate to m’ by lexicographic preferences
(Assumption 2).

Next, note that by Lemma 8 all investment-inducing messages sent in states B’ and
N’ should have the same persuasiveness 7. Since at least some types in states B’ and N’
choose messages sent in state G’ by assumption (and hence induce n = 1 by the previous
argument), we must have 7’ = 1. This implies that all types in states B’ and N’ who send
an investment-inducing message must pool at message(s) sent by types in state G’, while
any such message must be sent by a zero measure of types in states B’ and N’ (to ensure
n' = 1). Thus, denoting the set of all messages inducing investment and sent by types in
states B’ and N’ by Y (g n7}, we have

VYm € TI,{B’,N’}: Pr[m|—|G’] =0. (97)

Denote the event that m € Y p y1y as TI,{B’,N’}- Denote the set of types in state
i* € {B’', N'} who send an investment-inducing message by Oy ;s. Denote the event that

49



f € O- ;s in the sender’s informational state i* € {B’, N'} by é],{B’,N’}- Then,

Pr(G|Orman) = PrlG|T i nn NG (98)
= Z Pr[G|m N =G'] Pr[m|-G’] (99)

meTI,{B/,N’}
= 0, (100)

where the first equality is by construction of the events, the second equality follows by the
law of total probability and the countability of the message space, and the last equality
follows from (97). Yet, Pr[G!éI,{B/,N/}] = 0 contradicts to the fact that the good state
has a positive probability in case of i* = N’ while a positive measure of types in this
informational state induce investment by Lemma 4. Hence, the constructed equilibrium
does not exist.

Claim 2. If an equilibrium is of Type 1 in the sense of Claim 1, then it is payoff-
equivalent to a pooling equilibrium.

Proof. Consider an equilibrium ¢ of Type 1, where all types in state G’ pool with
types in the other states. By Lemma 8 all investment-inducing messages in states B’ and
N’ have the same persuasiveness 1. Then, all types in state G’ must induce the same
persuasiveness as well. Indeed, assume by contradiction that this is not the case, i.e.
there exists at least one type 6’ in state G’ who sends a message m’ such that n(m’) # 7'
Then, at least some types in states B’ and N’ must send m’ as well since the equilibrium
is of Type 1 by assumption. Yet, this contradicts Lemma 8 due to n(m’) # n'.

Next, denote the equilibrium cutoffs by ?9\2, and Efv, (in the sense of Lemma 4).
Consider a messaging strategy of the sender denoted by o such that all types in state
i* € {B',N'} with 6 < 5269 and all types in state G’ pool on the same message m”, and the
remaining types (if any) refrain from advice. Let us show that if such strategy is played
in equilibrium, then n(m®) = 7'.

Indeed, denote by ;s the set of all types in state i* € {B’, N’, G’} inducing investment
by sending a message in equilibrium (. Denote the event that § € O;s in the sender’s
informational state ¢ by ©. Denote the set of all investment-inducing messages in
equilibrium ¢ by YT; and the event that m € Y; in this equilibrium as TI Note that
in equilibrium ¢ the event © occurs if and only if the event T occurs so that

Pr[G|©] = Pr[G|T ). (101)
At the same time, we have

Pr(Gm"] = Pr[G|6] = Pr[G|Y;] = Y Pr[G|m N Y, Pr[m|T;]

meYy
= ) Pr[Glm] Pr[m|Y] = > o Pr[m|T,] =1, (102)
meYy meYy

where the first equality is by construction of m”, the second equality is by (101), the
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third equality is by the law of total probability and the fact that the message set is
countable, the fourth equality is by the fact that any investment-inducing message m’ is
sent if and only if m’ € T; by construction, and the fifth equality is by the fact that all
investment-inducing messages have the same persuasiveness 7’ as shown above.

Next, consider a putative equilibrium ¢’ where the sender plays o, the receiver responds
to m® with investment, and to @ with investment if and only if (&) > n, while all out-
of-equilibrium messages induce receiver’s beliefs equal to 7(m?®). Let us show that this is
indeed an equilibrium. First, note that all types in state G’ clearly find it optimal to send
m*. Consider types in states B’ and N'. For any * € {B’, N’} it must hold

VO < B, :UL0,m,1) >0,
Vo > 5;2 UL (0,1, 1) <0

since otherwise the sender’s incentive constraints in equilibrium ¢ would be violated (by
Lemma 4). Consequently, given (102), the incentive constraints of the sender in states B’
and N’ in equilibrium (" are also satisfied. Besides, the receiver would prefer to invest after
m*® (since the level of persuasiveness Pr[G|m®| = 1’ must be above 7 as otherwise 1’ would
not induce investment in equilibrium ¢). Consequently, ¢’ constitutes an existing pooling
equilibrium. Moreover, it is payoff-equivalent to equilibrium ¢ by Lemma 18 since both ¢
and ¢’ are characterized by the same persuasiveness of investment-inducing messages in
states i* € {B’, N'}.

Claim 3. If an equilibrium is of Type 2 in the sense of Claim 1, then it is payoff-
equivalent to a separating equilibrium.

Proof. Consider an equilibrium ¢ of Type 2, where all types in state G’ separate from
the types in the other states. Again, by Lemma 8 all investment-inducing messages in
states B’ and N’ should have the same persuasiveness 7/, while all types in state G’ must
induce 1 = 1 since the equilibrium is assumed to be of Type 2.

Consider a messaging strategy of the sender denoted by ¢’ such that all types in state
i* € {B',N'} with 0 < gf pool on the same message m?, the remaining types in these
states (if any) refrain from advice, and types in state G’ separate with another message
m®. By the same argument as in Case 1 (redefining ©; as the set of types sending
an investment-inducing message in states B’ and N’, and T; as the set of investment-
inducing messages in states B’ and N’), we obtain n(m®) = 1. Thus, strategy o’ leads
to the same persuasiveness of investment-inducing messages as in equilibrium (. The

remaining argument is analogous to Case 1 and is omitted.

The statement of the proposition follows jointly from Claims 1-3. m

A.7 Welfare comparison

Proof of Proposition 7. By Lemma 7, the cutoffs in the pooling equilibrium in each
state are (weakly) lower than in the separating equilibrium. Hence, for a given sender
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type ¢’ in a given state i* € {B’, N'} there can be only three possible cases, as listed
below.

Case 1. 0" < gi < gi Then, by Lemma 4, #" would send an investment-inducing
message in both equilibria. He would strictly prefer the separating equilibrium due to a
strictly lower expected guilt, since n(m) < 0.5 < n(m) by (56) and (92).

Case 2. /éjj <0 < 5;9 Then, by Lemma 4, ' would send an investment-inducing
message in the separating equilibrium (leading to a positive utility) while would obtain
a utility of 0 in the pooling equilibrium. Hence, he would again prefer the separating
equilibrium, with a strict preference if 6" < /Q\is.

Case 3. 553 < 5;9 < ¢#'. Then, by Lemma 4, § would get a utility of 0 under both
equilibria.

Finally, all types in state G’ would be indifferent between the pooling and the
separating equilibrium, since they always obtain F' by Lemma 3.

Thus, the expected utility of each sender’s type is always (weakly) higher in the
separating equilibrium, and strictly so for some types. m

~P S
Lemma 19 Both 05 and 65 are continuous in F' € (0,00) and k € (0,1).

Proof.

Claim 1. 52, is continuous in F' € (0,00).

Proof. Step 1. Consider 5; and its continuity in F'. Note that n(m@g,) is continuously
differentiable in 0, 5 on both intervals (0,0.50) and (0.50, §) by (41) and (45), respectively.
Hence, (02,) is continuously differentiable in both F' and 4, p once 0 p belongs to these
intervals. Consequently, by the implicit functlon theorem (given the equilibrium condition

w(le) = 0 for HB, < # by Lemma 12), HB, is continuous in F if 93, € (0,0.50) U (0.50,0),
which by Lemma 14 holds if and only if

€ ( , P__:)u<‘f__:, . ‘(p-@).

~P _
Hence, we are left to show that 05 is continuous in F' at Hf__c

O(P — c), which is

done in Steps 2 and 3, respectively.

Step 2. Let us show that 52,(F) is continuous at F' = _f:,:. By Lemma 14 together
with (41) and (45) we obtain:

/ _ 20 /(1 K)+KO A P—c
P n(0g) = F—2 fF<0_H,
(m|9B’) — _p 031(4 3n)+n9 B (103)
1 ) = —_— > .
U (QB ) ﬂ93/+(2 )0 it - 0 -

~P _ _
Furthermore, by Corollary 1 and the fact that 05 < 0 at F' = Hf_’,: by Lemma 14, we

have . P

n(mlf)(P — c)
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Given (103), this can be rewritten as

— L if F < 02=¢,
ah — ) w@me-o - (105)
b + if F#> 95_0
" (0p)(P—c) "
— ~P
Then, denoting 6 ~ =lim, ; . 5 we obtain
9P—c
v = T
éPfc
= — i . (106)
260 —(1—k)+k0 (P _ C)
0 —(4—3K)+Kk0
— — -
Solving for 6 ~ yields the only positive SOh}lDtiOH 60— =0.560.
H ~
Similarly, denoting ¢ * = lim,__p .+ 65 we obtain by (105)
4—K
nP—c
?-ﬁ- — 04—5/\13
hmF*)é f::+ 77// HB/)(P — C)
é —c
o= (107)
(P
kO T+(2—k)0
which again yields 0+ = 0.50. (106) and (107) together imply
~P ~P
l}m B GB/ = l}m 93/.
F—6 f__: F—)G%
~P _
This proves that 6 (F) is continuous at F = §£=¢.
~P _
Step 3. Let us show that 65 (F) is continuous at F' = 0.56(P — c).
By Corollary 1 and 14
(108)

= — L if F e [§2=¢,0.50(P —
g, - nu(eg/)(P:c)l [ ix ( c))
6 if F > 0.50(P — c)

Note that by Lemma 14, the condition @g, < 6 and hence (104) still hold for F' <

0.50(P — ¢). Then, denoting 0= limg 55(p—c)- /9\2, we obtain

—_ 0.50(P — ¢)
0 = . —P
llquo.sé(P—c)* 0" (0 ) (P —c)
0.50(P — c)

(109)

7 v
K0 _+(2fn)§(P C)
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Solving for ?_ yields the only positive solution ?_ = 0. Hence,

lim 0o —0= lim 0,
11m ; — — 11m 1y
0.50(P—c)— B 0.50(P—c)* B

~P _
where the last equality is by (108). Consequently, 65, (F') is continuous at F' = 0.50(P—c).

Claim 2. @Z, is continuous in k € (0,1).

Note that the claim follows trivially if £ > 0.50(P — c), since then 52, = 0 for any K
by Lemma 14.

Consider F' < 0.50(P — ¢) so that 5; < 6. Note that n(m@g,) is continuously
differentiable in ,, and & for 05, € (0,0.50) U (0.58,8) and & € (0,1) by (41) and (45),
respectively. The same holds for w(/G\B,). Consequently, by the implicit function theorem
(given the equilibrium condition w(ag,) = 0 for 52, < 6 by Lemma 12), 52, is continuous
in k if Eg, € (0,0.50) U (0.50, ), which by Lemma 14 holds if and only if

_P—c -P—c —
P—c

~P _

Hence, we are left to show that 0p is continuous in k if F' = 0= <= Kk =
(4F — (P — ¢))/F. This follows by the same arguments as in Step 2 in the proof of
Claim 1.

~5
Claim 3. 65 is continuous in F' € (0,00) and k € (0,1).
Proof. The proof proceeds by the same arguments as the proofs of Claims 1 and 2,
and hence is omitted. m

~P S
Corollary 3 Both 0y, and 6y, are continuous in F' € (0,00) and x € (0,1).

Proof. The claim immediately follows from Proposition 19 and the fact that ZQ\N/ =
min {9,2(93/} by Lemma 11. m

Lemma 20 If at least some sender types refrain from advice in equilibrium, then:

f

(i) the receiver invests conditional on & in the pooling equilibrium if and only

K < PTJFC and F < FF where FF € (0, 9‘5:,:) 1s some threshold value.

(ii) the receiver invests conditional on & in the separating equilibrium if and only if

k< %j and F < F'S where FS € (0, %) 1s some threshold value.

~

Proof. (i) First, note that the receiver never invests after @ (if on the equilibrium path)
~P z
if 0, = 0, since then only types in state B’ refrain in equilibrium so that n(@) = 0.
~P —
Consider the remaining case #,, < 6. Note that the receiver invests after @ if and only if
~P
n(2105) > 1.
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By the same derivations as in the proof of Lemma 6 we obtain

Pr[@|G']k + Pr[@|N'](1 — &)
(Pr[2|G] + Pr[@|B))k + 2 Pr[@|N|(1 — &)

n(a) = (110)

Substituting Pr[@|G] = 0, Pr[@|N'] = (6—0y.)/8, Pr[@|B'] = (6—03,)/8, and By, = 20,,
(due to Lemma 11 and 511?,, < 0) into (110) yields

(1— %)@ —20,)

~P
n(205) = — 5 (111)
(2—k)0 — (4 —3K)0p
Next, let us show that then
~P
n(210p)
_— . 112
or <0 (112)
~P ~P
Since n(&|0 ) depends on F only through 65, we have
~P ~P P
om(2|0g)  On(2|0p) 00 (113)
= - ,
The first term in the RHS is (differentiating (111))
on(2(0) Or(1 — r)
n ’ K — K
ot = —— — 5 < 0. (114)
00, (e<2 oK) — O (4 :m))

~P
Consider the second term. By the implicit function theorem and the fact that w(6z) =0
~P
(since 0, is interior in the considered case) we have

)

OF — owm/obh,  0w/d0.,

> 0, (115)

where the last inequality follows by Lemma 13 and the fact that w is differentiable in /9\1;,
on (0,0.50). Finally, (113)-(115) lead to (112).

Let us consider the limit of 7(& |@B,) as F' goes to 0 (note that the case restriction
/H\Z, < 0 would then still hold by Lemma 14). First, we have

. F
lim 0, = lim —0, (116)

— — ~P
o 0 (me ) (P~ c)

where the first equality follows from Corollary 1 and the last equality follows from the
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fact that n(me |/9\g,) > 0.5 by (56) and hence bounded from 0. Consequently,

— =P
-~ 1—k)(0—20g 1-
lim n(@(0h) = lim — 000 =20s) _17% (117)
=0 =0 (2— k)0 — (4—3K)0, 27K
~P
Expressions (112) and (117) yield that =% is the upper bound of 7(@|0/) as F — 0. At
the same time, we have
11—k c P+c

< o K> . 118
2 kA= TP TP (118)

P+c

~P
=< we have 1(@|0p,) < n for any F' > 0, so that the receiver

Consequently, for any x >
never invests after &.

Consider the remaining case kK < %. Then,

11—k

lim 77(@@2/) =

gm 5 >, (119)

where the equality is by (117) and the inequality is by (118). Besides, given that 52,
_ _ ~P

converges to 0.50 as F' — Hf__: (by (55) and the continuity of 05, in F' by Lemma 19, it

holds

P (1= #)(—205)
lim 7(@)0)= lim ANl

: ! | —0<q. (120)
Poph=e 3050 (2 — k)0 — (4 — 3K)0 0y

By (112), (119), (120) and the intermediate value theorem for any x < £+¢ there must
exist a threshold value F¥ € (O,@P _C) such that it should hold 7(@ |§g,) < n for any

41—k

F e [ﬁp,ép’c], and 77(@\52,) > for any F' € (O,fP) Since furthermore F' > §£=¢

i—x ix
is excluded due to 51\// < 6 and Lemma 14, the incentive constraint n(@@Z,) > 7 under
K < PT?C holds if and only if F' < FP. This together with the previously establis}:ed fact
that 7](@@2,) < n for k > ££¢ leads to the claim.

(ii) First, note that the receiver never invests after @ (if on the equilibrium path)
if 5}9\,, = 0, since then only types in state B’ refrain in equilibrium so that n(@) = 0.
Consider the remaining case @S\,, < 6. By the same argument as in the proof of point a),
we obtain

(1 k)0 —20,,)

~S
n(2)0p) = — ~ (121)
(2 — k)8 — (4 — 3K)0
~S
(210
oF 0. (122)
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Besides, from Corollary 2 it follows

. F
lim 0 = lim —0, (123)

— — AS
e 0 n(ma[0p) (P~ c)

~S
where the last equality holds since n(mp/|0z/) is constant by (89). Then, by the
analogous arguments as in the proof of point a), there must exist a threshold value

~ 3 ~S
FS e (0, %) such that it should hold n(@[f,,) > 7 if and only if < £t

and F € (O,ﬁs). [ ]

Lemma 21 (i) A pooling equilibrium is inefficient if and only if either of the following
holds:

o > 0.50(P —c),

o k< B and F < FP, where FF € (0,04=5) is some threshold value.

(ii) A separating equilibrium is inefficient if and only if either of the following holds:

o [ > 9(17;)(Pfc);

° K< PT?LC and F' < ﬁs7 where FS € (0, %) is some threshold value.

(111) If an equilibrium is inefficient, then the receiver obtains an expected payoff of
0.5(P + ¢). Any efficient equilibrium yields a strictly higher expected payoff.

Proof of Lemma 21. a),b): By Lemma 11 a pooling or separating equilibrium can be
inefficient orllg in two cases:

Case 1: 5 = 0, i.e. the sender always sends an investment-inducing message. This
condition holds if and only if F' > 0.50(P — c) in the pooling equilibrium, and if and only
F > 9(1_;1# in the separating equilibrium.

Case 2: 52, < 0 while n(2) > 7, i.e. the receiver invests conditional on any sender’s
action in equilibrium. The corresponding necessary and sufficient conditions for this case
are given by Lemma 20.

Combining Cases 1 and 2 together leads to statements a) and b) of the lemma.

c¢) Denote the receiver’s payoff in an inefficient equilibrium as U". Then, by the law
of total probability

EU"] = Pr[ING|P+Pr[INnBlc
= Pr[G]|P + Pr[B]c
= 0.5(P +¢), (124)

where the second inequality is by the fact that the receiver always chooses investment.
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Next, consider any efficient equilibrium. By Lemma 5 it must be payoff-equivalent
to either pooling or separating equilibrium. Hence, without loss of generality assume
that the equilibrium is either of these types. Since the equilibrium is assumed to be
efficient, the receiver must invest conditional on no refrainment, and abstain conditional
on refrainment. Denote the event that the sender chooses to refrain from advice in the
considered equilibrium as @. Then,

EU"]

|
=

<

~

= ElUT, (125)

where the first equality is by the law of total probability, the inequality follows from
E[UT(I)|2] < 0 since the receiver prefers to abstain conditional on the sender refraining
in equilibrium, and the last equality is by (124).

Thus, all inefficient equilibria yield for the receiver the same expected payoff of
0.5(P + ¢), while all efficient equilibria have a strictly higher expected payoff. This leads
to the claim. m

Lemma 22 FP > FS,

Proof. Assume by contradiction that FP < [S. Consider some F € [ﬁ P P S} and some

k< PT*C such that both pooling and separating equilibria exist (by Propositions 3 and 4),

while F¥ and F'S are well-defined by Lemma 21. By Lemma 21 it holds

~ (9(1—/1)(P—c).

P < 126
4 -3k (126)
Then, by (126) and Lemma 17,
~S _
Oy < 0. (127)
Consequently, by Lemma 7, we must have
~P ~3 _
Oy <Oy <0. (128)
In turn, this implies:
~P ~5
n(2105) <n<n(2)05), (129)

where the inequalities follow from F' € []5 P F S], K < PT*C and Lemma 20 (taking into

account that 77(@@2,) =nif F = F* = P,S, which in turn follows from the continuity
of n(20}) in O and hence in F by Lemma 19).

o8



Next, by (128) function 77(@’53/) is generally given by

~ (1= k)@ - 20p)
1@10e) = (2= 1)0 — (4 — 36)05

in both equilibria (see (111) and (121)). Note that the right-hand side is strictly decreasing
in 0 by (114). Consequently, since 52, < 5}9\,, by (128) we obtain 77(@@2,) < 77(@@2,)
which contradicts (129). =

Proof of Proposition 6. Denote further the ex ante receiver’s utility in the
pooling equilibrium as U™F and in the separating equilibrium as U™*. Denote A(F) =
UmF(F)—U"5(F). Note that A(F) is well-defined if and only if the separating equilibrium
exists (given that the pooling equilibrium always exists by Proposition 3).

Claim 1. There can be only three possible cases:

- A(F) >0 for all F where the separating equilibrium exists;

- A(F) <0 for all F where the separating equilibrium exists;

- there exists a threshold F* such that A(F) < 04f F < F*, and A(F) >0 if F > F*,

for all F where the separating equilibrium exists.

Proof. Let us consider properties of A(F') under two parameter cases depending on
whether the receiver invests conditional on &.

Case 1. F < FF and r < Pie,

In this case, the pooling equilibrium is inefficient by Lemma 21(i). Then, by Lemma
21(iii) the separating equilibrium must yield a (weakly) higher expected payoff, i.e.
A(F) <0.

Case 2. k > £¢ or (/@<%/\F2fp).

Note that if (Fa < %3 NE > ﬁp>, then F > FS by Lemma 22. Consequently, by
Lemma 20 the receiver must abstain conditional on & in both equilibria (if on the

equilibrium path). Hence, the ex ante receiver’s utility given any equilibrium cutoffs
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0 and 5]\// is
E[U"] = Pr[ING|P+Pr[INBlc

— > PrlIli* NG Pr[i*|G] | Pr[G] - P

is€{G' ,N',B'}

+ > Pr[Ili* 0 B]Pr[i*|B] | Pr[B] - c

is€{G' ,N',B'}

= > PrlI]if)Prli*|G] | Pr[G] - P
ise{G',N',B'}

+ > PrlI]i*)Prli*| B] | Pr[B] - c
ise{G',N’',B'}

= k(0.5P + 0.5(;95') +(1— @%(0.513 +0.5¢), (130)

where the second equality is by the law of total probability, the third equality is by the
fact that sender messages in equilibrium (and hence the receiver’s actions) do not depend
on the true state of the world once his information state i° is conditioned upon, and the
fourth equality is obtained by substituting Pr[/|G'] = 1, Pr[I|N'] = %, Pr[I|B'] = %,
Pr|G'|G]| = Pr[B'|B] = &, Pr[G’|B] = Pr[B’'|G] = 0, and Pr[N'|G] = Pr[N'|B] =1 — k.
By Lemma 7 we have the following possible equilibrium cases: 1) b\i,, < 0 and /Q\Z, < 0;

~5 _

~P — ~S — ~P _
2) 0y =0 and 0y, < 6; 3) 0y, =0 and 0y, = 6. Let us consider these cases sequentially.

Case 2.1: @i,, < 6 and 511;, < 0.
By (130) and x» = 205 (by Lemmas 12 and 15) we obtain

~P ~P

0 ! 29 !
A(F) = U™ —U™ = £k(0.5P 4 0.5¢ g )+ (1— m)TB(O.E)P +0.5¢)
7, 20",
—k(0.5P + 0.507) —(1— m)T(ObP +0.5¢)

0.5¢ ~P =5 P+cp =S
= FGT(QB' —0p) +(1—k) 7 ()

~P 5 0.5kc+ (1 —r8)(P+c
= (@ O (Me LY

). (131)

By Lemma 7 the first term in the RHS is strictly negative. At the same time, the second
2(P+c)
2P+c
of the separating equilibrium by Proposition 4). Consequently, in Case 2.1

term is strictly positive given that k < (as a necessary condition for the existence

A(F) < 0. (132)
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~S _ ~P _
Case 2.2: 0y, =0 and 0, < 6.
For this case, let us just show that A strictly increases in F. Indeed, by (130), given
~P ~P ~5 7
that 05, = 205 and 6y, = 60, we have

~P ~P

0 ! 20 !
A(F) = U™ —U™ = k(0.5P 4 0.5¢ g )+ (1 — k&) eB (0.5P + 0.5c¢)
-~
QB/ ].
—k(0.5P + O.5c7) —(1- /1)5(0.5]3 + 0.5¢)
b\S b\P
= —0.5m73’ +(P(1—K)+¢(1 - 0.55))73’
—(1 —k)(0.5P + 0.5¢). (133)
Then, where the derivative exists,
5
OA  —0.5kc00p 1 893,

— =——— 4+ (P(1— 1-0.5 . 134
oF 7 ap TP —r)+c )5 5F (134)
By (115) and (77) we have that 893’ and 803 are strictly positive (where these derivatives
2(P+c)
2P+c

a necessary condition for the existence of the separating equilibrium by Proposition 4).

exist). Besides, the term P(1 — /4;) + c(l - 0 bk) is strictly positive since r < (as
Hence, by (134), where g—? exists, it is strictly positive. Finally, since A(F") is continuous
in both cutoffs and hence in F' by Lemma 19, while being also differentiable in F' at a
given cutoff unless this cutoff takes values of 0.50 or 6 (see the proof of Lemma 19), we
obtain that in Case 2.2 A strictly increases in F.

Case 2.3: ai,, =0 and 5; =0.
By (130) we obtain

~P ~85
0 0y
A(F) = U™ =U" = k(0.5P +0.5c=2%) = 1(0.5P +0.5¢=%)

_ m%”@; _93) >0, (135)

where the last inequality is by Lemma 7.

Finally, let us combine Case 1, and Cases 2.1, 2.2 and 2.3 together. Let us denote
the corresponding intervals of F' as ®;, ®9;, P9y and Po3, respectively. These intervals
cover the range of all possible values of F' where both pooling and separating equilibria
simultaneously exist. Note also that since §B/ and hence @N/ are continuously increasing
in F' in either equilibrium by (115), (77) and Lemma 19, we must have that ®; (if exists)
lies to the left of @9y (if exists), which in turn lies to the left of ®y3 (if exists). Besides,
by construction, ®; (if exists) must lie to the left of any of the intervals under Case 2. At
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the same time, from the above analysis of the cases we have

VE € & :A(F) <0, (136)
VE € &y : A(F) <0, (137)
VE € ®gs : A strictly increases in F) (138)
VE € $gy: A(F) >0 (139)

This together with the disposition of the intervals described above leads to Claim 1.

Claim 2. There exists a value of F > 0 such that A(F) < 0.

Proof. In what follows, we refer to Cases 1 and 2.1-2.3 from the proof of Claim 1.
Consider first k < %.
separating equilibrium exist for any F'. Consider any F’ € <ﬁ S FFP ), which should exist

Then, by Propositions 3 and 4, both the pooling and the

by Lemma 22. Moreover, set F' to be sufficiently close to FS so that

0(1 — k)(P —c¢)

F <
4 — 3k

(which is feasible by Lemma 21). Consequently, by Lemma 17
~S _
O < 0. (140)

Then, since F' < FP, the pooling equilibrium is inefficient (by Lemma 21). At the same
time, it follows from F” > FS and Lemma 20 that the receiver should abstain conditional
on refrainment in the separating equilibrium (if on the equilibrium path), which together
with (140) implies that the separating equilibrium is efficient. Then, A(F') < 0 by Lemma
21(iii).

Consider the remaining case x > £ ;C. Then, by Proposition 4 the separating
equilibrium exists if and only if xk € [P =< 2;12)) and F < 0 (P + ¢) “="). Moreover, by

Lemmas 14 and Lemma 17 the conditions for Case 2.1 in the proof of Clalm 1 (including
the general parameter restrictions for Case 2) will be then satisfied for sufficiently small
F > 0. For such values of F' it will hold A(F) < 0 by (137).

Claim 3. There exists a value of F > 0 such that A(F') > 0.
Proof. Consider first k < £&¢.  Then, by Propositions 3 and 4, both

P
the pooling and the separating equilibrium exist for any F° > 0. Take Fs €
[max {% FP} ,0.50(P — c)) Then, by Lemmas 14, 17 and 20 we have 65 =

~

- ~P ~P _

Oy = 0, i.e. the separating equilibrium is inefficient, while 65 < 0,, < 0 and the receiver
abstains after @ in the pooling equilibrium (i.e. the pooling equilibrium is efficient).
Then, A(F') > 0 by Lemma 21(iii).

Consider the remaining case x > £i¢

2

Then, by Proposition 4 the separating

equilibrium exists if and only if x € [P < 22(1131:2)) and F < 0 (P +¢) =2, At the same
time, if F goes to 6 (P + ¢) (1;/{”), then 7(m) converges to n (by (87) and the fact that n(m)
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~5

is continuous in 05 and hence in F' by Lemma 19). Consequently, the receiver’s utility
conditional on m is going to 0. Then, in the limit the only ex ante (strictly) profitable
message in the separating equilibrium is m (sent only by types in state G’), that is

lim U™¥ = E[U™%|m] Pr[m] = 0.5Pk. (141)
F—9(P+c) 1=

—
It follows, denoting 0 © = limg_g0p,oa-n 0p,

lim A(F)
F—8(P+c)1=r)

— —

6" 207

= k(0.5P + 0.5CT) +(1—kr)—

(0.5P + 0.5¢) — 0.5Pk
?P
——(P(1= k) +¢(1-05x)) >0, (142)

where the mequa,hty follows since x < 29 (by Proposition 4) and 9P # 0 (since by

2P+c
Corollary 1 a, B = W which is bounded from 0).

Thus, there exists F' > 0 such that A(F) >0

Claim 4. There exists F* > 0 such that A(F) < 0if F' < F* (with a strict inequality
for some F), and A(F) >0 if F > F* (with a strict inequality for some F).

Proof. The claim follows jointly from Claims 1-3. In particular, Claim 2 rules out
the first case listed in Claim 1, while Claim 3 rules out the second case. Hence, the only
possible case is the third case listed in Claim 1. The existence of F* where A(F) < 0 and
A(F) > 0 follows from Claims 2 and 3, respectively.

A.8 Effects of ex ante information quality

Lemma 23 In any equilibrium, E[U"] = max{1,0.5(P + ¢)}, where

Y = r(0.5P + 0.50%) +(1— K)HTNO 5(P +c). (143)

Proof. Consider three possible cases depending on the value of the cutoffs and Pr|G|2].
Case 1: 0 B = —9 ~+ = 0. Then, the receiver always invests independently of the state
so that

ElUT=05(P+¢) =45, 5,,-5

which also implies E[UT] = max{1,0.5(P +¢)}.
Case 2: O < Oy < 0 and Pr[G|@] < n. Then, the receiver abstains conditional on
&, i.e. the equilibrium is efficient. Consequently,

E[UT] = > 0.5(P +c)
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where the equality is by (130), and the inequality is by Lemma 21(iii). Hence, we again
have E[U"] = max{,0.5(P + ¢)}.

Case 8: O < Oy < 6 and Pr[G|@] > 1. Then, the receiver invests conditional on @,
i.e. the equilibrium is inefficient so that by Lemma 21(iii)

E[U"] =0.5(P + ¢). (144)
Note that Pr[G|@] > 7 implies Oy < 0 since otherwise Pr[G|@] = 0. Then, by (111) we

have b
(1—k)(0—205)

Pr[G|o] = — 5
(2—k)0 — (4 —3K)0g
so that
Pr[Gl@] > n
N
1-— — 205 —
o -nE-2,)

2—r)F—(4—3r)0, F—c
& P <0.5(P +c¢). (145)

Then, (144) and (145) imply E[U"] = max{¢,0.5(P + ¢)}
Thus, we have shown that E[U"] = max{v,0.5(P + ¢)} in all possible cases. ®

Corollary 4 In both pooling and separating equilibria, E[U"] and 1 are continuous in
both F' € (0,00) and r € (0,1).

Proof. By (143) ¢ is continuous in x (as a direct argument) and in the cutoffs /H\B/(F LK)
and Oy (F, k). At the same time, 8 (F, ) and 6/ (F, k) are continuous in both F and &
by Lemma 19 and Corollary 3, hence 1) is also continuous in both F' and . Finally, since
by Lemma 23 E[U"] is continuous in ¢, it is also continuous in both F’ and x. m

Proof of Proposition 8.

(i) The pooling equilibrium.
In what follows, we consider function ¢ defined in Lemma 23:

0 o
Y = k(0.5P + 0.50#) + (1 — &) N’é(“) (0.5P + 0.5¢). (146)

Claim 1. In the pooling equilibrium, 1 is strictly continuously decreasing in r if and
only if both of these conditions hold:

o M < F < i(—2c+ P+ \/P?+2c(P—c)).

o K€ (max {M#,O} , m’) where k' < 1 is some threshold.
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Let us consider the following possib}je cases depe]rjlding on the possible parameter values.
Case 1: F > 0.50(P — c) so that 6, = 0 and 05, = § (by Lemma 14). Then, by (146)

Y = k(0.5P+0.5¢) 4+ (1 — x)(0.5P + 0.5¢)
— 0.5P 4 0.5c. (147)

Hence, in this case
dy B
dr
Case 2: F < 0.50(P — ¢) and (F > 0= e € (o,min{‘”#, 1})) Then,

~P _

0y =6 and /9\; € (0.5,0) by Lemma 14.
In this case, by (146)

0. (148)

~P

O
¥ = K(0.5P +0.5¢ g )+ (1 — %)(0.5P + 0.5¢). (149)
We have o
dy O O b
dn or o6, Or (150)
where
_ P
- = 7 7B o 151
Ok 20 e (151)
ey, (152)
90 5, 20
At the same time,
00y, 0w(ly)/0x (6 —0p)0y,
=P = B 0, (153)
Ok 9(0y)/00, (2= r)f

where the first equality is by the Iijmplicit ﬁ]lgnction theorem, and the second equality is
obtained by substituting for n(m|fg ) in w(f ) (see (45)) and simplifying. Finally, (150)-
(153) imply that in Case 2

dip

P > 0. (154)
K
Case 3: F < 95:5 — K € (max{%,@},l). Then, 6 > 52, = 2/9\2/ by
Lemma 14.
Step 1. Let us show that
d*y
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~P \'/ 8§P ~P \ " 82/9\P
. ’ !
Denoting (93,> = Z& and <93/> = =55 we have

~P ~P
d (K(0.5P +0.5¢%) + (1 — k)22 (0.5P + 0.50))

ﬂ B 0
dr drk
PO — (2P + )y + (2(P +¢) — (2P + ¢)k) (§Z,>,
- = , (156)
so that . ,
2y —202P+c) (5;) + (2(P +c¢) — (2P + ¢)k) (52,) 157)

dr? 20
~P / ~P " ~
Consider <HB,> and <93,> . By Lemma 12, @w(f5) = 0. Consequently, by the implicit
function theorem »
oS / 8 9 / 8
() = _ Om0p)/0% (158)
Ow(05)/00 g

Substituting and simplifying we obtain

2 (EP)Q(Q—?D)
(03) =—— - z 5 <0 (159)
k20% + 4(1 — )00, + 2(1 — ) (4 — 3k) (93,>

Further, by the chain rule

~P / ~P /
v 0(0w) 9(8) e
(93,) ==+ —5 (0 ) . (160)
005
Calculating this expression by (159) and substituting it together with (159) into (157) we
get
PP
Py _ 40— ) (B
AR (k267 1+ 4(1 — K)RB0g + 2(4 — T + 362)(0,)2)3

Z, (161)

where

Z = (P+0)r%8 +8(P+c)(1 — w)r28°0, — 2c(4 — 30)2(1 — #)(0 )"

4 2k02(0,,)2(10P(1 — k)2 + ¢(10 — 23k + 1242))
48(1 — 1) (2P(1 — K)? + ¢(2 — T + 4k2))8(01, ).

The multiple of Z in (161) is clearly positive, hence to show the claim we need to prove
that Z > 0. The first three terms of Z are clearly positive. For the fourth term we have
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(given that P > —c by Assumption 1)

10P(1 — k)* + (10 — 23k + 12k%) > —10c(1 — k)* + (10 — 23k + 12x7)
= —ck(3—2kK) > 0. (162)

Finally, for the fifth term we have

2P(1 — k)> 4+ ¢(2 — Tk +4k*) > —2¢(1 — K)* + (2 — Tk + 4K?)
= —ck(3—2K)>0. (163)

Consequently, Z > 0 so that by (161)

— >0 (164)

Step 2. Denote by k the infimum of the set of s corresponding to Case 3:

AF — (P —
@:max{o, ( C)}. (165)
F

Let us show that in Case 3

hm@ < 0&

k—k dK

O(P — c)? 1-

F < =0(-2 P P2 4+ 2¢(P —¢)). 1
6Py < F<ghl-2et +/P?+2¢(P — ¢)) (166)

Consider first the case of £ = 0 which, by (165), occurs if and only if F' < 0.250(P —c).
By Corollary 1 and /H\I;/ < 0 by assumption,

~P F
7 pum— —_ 167
o P o) Hen
so that . r
1. /8\ e . ]_
v lim, o n(m)(P — c) (168)
At the same time, since 52, = 25;, in the considered case, by (41)
P 20,1 — k) + KB
_ ’ — K R
n(m|0p) = =5 —. (169)
Op (4 —3kK) + Kb

~P
Since 05 is bounded from 0 by (167) (and hence the limit of the denominator is not equal
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to 0), by (169) we obtain

2lim,,_o 0

hH(l) n(m|93,) = —- = 0.5. (170)
" 4 lim,{_,o 93/
This together with (168) implies
-~ 2F
lim B = ——. (171)
KoK —c

Substituting this into (159) we get (given that the denominator is again bounded from 0)

. P! F 0
lim (0) = P—c 1 (172)

Finally, from (171), (172) and (156) we obtain

di PO — (2P + ¢) =

o dr 20

_ O(P—¢)?—2F(3P+c)
B 40(P — ¢) ' (173)

(P+C>(2(P 9 7

It follows that lim,_,, % < 0 if and only if

O(P — c)?
B> 2(3P +¢)

Given the initial assumption £ = 0 < F < 0.250(P — c), this happens if and only if
Fe (Q(P o . 250(P — ¢)), which is nonempty if P > —3c.

2(3P+0) .
Consider the remaining case k # 0, i.e. Kk = w > 0 (see (165)). Note that
~P ~P _
HB’( ) - 93/ 4F*9;P*C) == HB’ é - 059,
where the last equality follows from (55) and the equilibrium condition w(gg,) = 0.

~P
Consequently, since 0z (k) is continuous in k£ by Lemma 19, it follows

lim G (k) = Oy (1) = 0.50. (174)

Substituting this into (159) we obtain

o~ / 20
hm (02/) - — F 6 —5
= 25FB(P — ¢) — (P — ¢)°F — 8F?)

(175)
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Finally, substituting (174) and (175) into (156) yields

o dd (P )(6F? — (P — )" — 2F9(P — 20))
ko di A(5F(P —¢) — (P — 0)252 82 :

One can show that this expression is strictly negative in the considered case (i.e. under
the restriction F' > 0.250(P — ¢)) if and only if

_ 1 _ o
Fe <O.250(P — ), (=200 + PB + 0v/P? - 2cP 202))

This interval is nonempty if and only if P > —3c.
Combining the cases k = 0 and k # 0 together, we get that in Case 3

limﬂ < 0 &
k—k dK
(P —c)? 1 _ _
F ———— —(—2ch + PO+ 0 P? + 2cP — 2¢? 1
€ <2(3P+c)’6( cd + PO+ 0V P2+ 2c c)), (176)

with the interval being nonempty if and only if P > —3c.
Step 3. Let us show that in Case 3

. dy
lim — > 0. 1
lim — - > (177)
From (159) we have
PN 26— 00)(00)
}iliq (93,> = — - : (178)

Equations (156) and (178) lead to

Cdy POO—205) — By (6 + 20,8 — 0y))
lim — = —3
=1 dr 20

> 0, (179)

where the inequality is by 6 > 2@; by assumption.

The results (155), (166) and (177) imply that if condition (176) holds (in Case 3),
1 is U-shaped with respect to k for k € (max {w, 0} , 1) (which can be shown
to be nonempty under (176)). In this case, 1 strictly decreases in « if and only if x €
(max{m#ﬂ} K ) where k' < 1 is some threshold value. If condition (176) is

violated, 1 is always increasing in x on this interval (if it is nonempty).

Finally, note that 1 is continuous in x by Lemma 4. This together with the results
of Cases 1-3 implies that 1 strictly continuously decreases in x only in Case 3 under the
conditions given in Claim 1.

Claim 2. In the pooling equilibrium, E[U"] strictly decreases in k if and only if both
of these conditions hold:
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o M0 o F < 1g(—2¢+ P+ /P?+2¢(P - 0)),

o K€ <%, /{*) where k* < 1 is some threshold.
Proof. By Lemma 23 we have
E[U"] = max{¢,0.5(P +¢)}. (180)

Hence, given continuity of ¢ by Lemma 19, E[U"] strictly decreases in x on some interval
K if and only if ¢ strictly decreases in x on this interval while ¢» > 0.5(P + ¢) for any
k € K. By Claim 1, such interval exists if and only if

O(P — c)? 1 5
while
lim+ ¥ > 0.5(P +c¢) (182)
where G
AF — _
K= max{ Z*S ) : O} . (183)

Let us show the necessary and sufficient conditions for (182). Consider the following
two cases depending on whether k = 0.

Case 1. kK = 0.

Note that in this case for any x € (0, 1) it holds

4F_0(P_C):>F<9f_c

k>0> )
— K

Then, by Lemma 14 we have /H\Z, € (0,0.50) and /0\; = 25; for any x € (0,1). Moreover,

_ 4F—0(P—c) . .
E—O@T(S()lmphes ,
F<dl 4—0). (184)
Note that
~P F F 9Pfc B
K—0 thHO n(mmgl)(P _ C) O5(P - C) 05(P — C)

where the first equality is by (104), the second equality is by (170), and the inequality is
N P
by (184). Then, given that 0, = 205, in the considered case, we have

~P ~P
9 ! 29 i
lim ¢ = lim (/@(0.5P + 0.5¢ g )+ (1 —r)=E(05P + 0.5@)
2 limy, o Oy
= Z0TB (05P +0.5¢) < 0.5P + 0.5¢, (186)
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~P —
where the inequality is due to lim, o605 < 0.50 by (185).
Hence, the condition (182) is not satisfied if £ = 0.
Case 2. k# 0 k= (4F —0(P —¢))/F > 0.
Note that in the considered case for any x > k we have
AF — (P —¢) _P—c

> S F <l
" F 1—r

so that by Lemma 14 we again have 52, € (0,0.50) and 52, = 252,. Consequently, by
(111)

N
(1—k)(0—20p)

~P
n(2)0p) = — vl (187)
(2—k)0—(4—3K)0g
At the same time, in the considered case
~P ~P _
lim+ QB/ - HBI‘KZE — 059, (188)

K—K

where the first equality is by the continuity of 52, in x on (0,1) by Lemma 19, and the
second equality is by Lemma 10 and the fact that w(0.50) = 0 for k = (4F — (P —c))/F
(see (55)). Then, we obtain

- N
) ~P 1—k)(0—2lim,_,,. 05
tim n(eliy) = — o £9p)

nTR (2—-k)0 — (4 —3K) lim,_, O

(1—x)(O—0) _0<yg
(2 — K)0 — (4 — 3K)0.50 -

where the first equality is by (187) and the fact that the denominator is not equal to 0 since
£ > 0 by assumption, and the second equality is by (188). Consequently, for x sufficiently
close to k it should also hold 7(@& |§;,) < 7 (given that 52,, and hence n(@ |/9\I;,), is
continuous in x by Lemma 19), i.e. the receiver will not invest conditional on @ so that the
equilibrium is efficient. For such values of « it would then hold ¢ > 0.5(P + ¢) by Lemma
21(iii) and (180). Hence, the condition (182) is always satisfied if k = (4F — (P —¢))/F.

Combining Cases 1 and 2 together implies that (182) is satisfied if and only if
k= (4F —O(P — c))/F, which is equivalent to

F > 0.250(P — c). (189)

In such case, by Claim 1 and (182), under condition (176) there would exist an interval

M#, O} ,/<a*> with k* < k' such that ¢ strictly continuously decreases in k

while ¢» > 0.5(P + ¢) for any x in this interval (and these both conditions would never

(o

hold simultaneously for any other ). This would in turn imply by (180) that E[U"]

strictly decreases in x if and only if k € (max {%, 0} ,H*> under the additional
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restrictions (189) and (176). Combining these two restrictions together results in

Fe (0.25@(13 —c), é(—Qc@ + PO + 0V P2 + 2cP — 2c2)) , (190)

given that Zg ;j);) < 0.250(P — c) if the interval in (176) is nonempty. Note that there

exist parameter values such that the interval in (190) is nonempty, in particular this is

the case if and only if P > —3c. This leads to part (i) of the proposition.

(ii) The separating equilibrium.
Claim 1. In the separating equilibrium, v strictly decreases in k if and only if both
of these conditions hold:

o F<0.50(P—c),

sk 2F—0(P—c)

o K€ </-£ ’W) where k** > 0 is some threshold value.

Case 1: /GJN, =0 and ng/ = 0 so that F > w (by Lemma 17). Then, by (146)

¥ = K(0.5P40.5¢) 4 (1 — £)(0.5P + 0.5¢)
— 0.5P + 0.5c. (191)

Hence, in this case

o
5 =0 (192)

Case 2: gi, =0 and 52, € (0.50,0) so that F € (é(lzi)éf*c), (;(1,53(5,0)) (by Lemma
17). Then, by (146)

~S

¥ = K(0.5P + 0.5c%) + (1 — k)(0.5P + 0.5¢). (193)
We h
o w_0v O gy (154
dk Ok AZ/ B
At the same time,
o (6-0,)
—C —Up
D _ 1
Ok 20 ’ (195)
oY CK
- 196
a0, 20 90)
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As in the previous case, by the implicit function theorem

s P\
(55 = ~2e0m)io _ (9) (197)
06(0y) 00y 21— )%

-~
where the last equality is obtained substituting (74) for n(mny|0g ) in the expression for
-5
®#(0g,). Substituting (195), (196) and (197) into (194) we get

~S \ 2
dp  —c(f — 9;) 4 oK <6)B’> (198)
de 20 202(1 — k)20

~5
Let us find 65,. Solving the indifference condition

0(1— k)
/{Q\z, +20(1 — k)

S 5 5 5

yields _
~S 2F(1 - k)0
Op = = . 200
B (P—e)(1—k)0— Fr (200)
Substituting this into (198) and simplifying we obtain
dip e L
I - 0 0 201
dx = AT (P e mf Tal ) (20)

where

a = (P=o)(l—r),
ay = —2(P—c¢)F(1—k),

as = —F?%k%

Since the fraction in (201) is strictly positive, % < 0 if and only if a10° + a0 + az < 0.
The only positive real root of the corresponding quadratic equation is
F(1+v1+ k?)

é:(P—dU—ny (202)

Consequently, % < 0if

_ F(1+V1+k?) (P—c)(1—k)0
0 < P —r) & F > i

One can show that the RHS of (203) is smaller than the upper bound of F in the considered

(203)
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' (P-o)(l—rm)f _0(1—r)(P—c)

1+ V1 + K2 2—kK
k)(P—c)

At the same time, it can be both larger and smaller than the lower bound 14_—35

(204)

depending on the parameters. Consequently, d—f < 0 in Case 2 if and only if

(P—c)(1-k)0 0(1—r)(P—c)) 0(1—kr)(P—rc)
FG(maX{ T i g }, 5 = ) (205)

Case 3: 6 > Oy, = 20 50 that F < 0=r)P=) (hy Lemma 17). Then, by (146)

~5 ~S

9 ! 29 !’
Y = k(0.5P + 0.5¢ g )+ (1— /-@)TB(O.5P +0.5¢). (206)
We h
e have Y aw
K R 80 B
At the same time,
_ =S ~5
— = = >0 208
Ok 20 ’ (208)
0 2 — 2P(1 —
Azg _ 2—=r)+2P(1 - k) >0, (200)
80, 20
with the latter inequality by « < 22(113—1? (a necessary condition for the separating

equilibrium by Proposition 4). Finally, by the implicit function theorem and the fact
~5
that ¢(f ) = 0 by Lemma 15,

~S
(1) = 2o -
99(0p)/00 .

Substituting for n(my- |/9\Z,) in ¢(EZ,) (see (89)) and simplifying we get

~S ~S
_ 09(0)/0k _ 0 >0 (211)
8¢<5§;)/8§2/ 41 - k)2 + k(1 — K)
(207)-(211) imply that in Case 3
Wy, (212)

dr

Finally, note that v is continuous in x by Lemma 4. This together with the results of
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Cases 1-3 implies that 1 strictly decreases in x if and only if

(P—c)(1—k)0 0(1 —k)(P—c)) 0(1—k)(P—rc)
FG(maX{ i 1 ax }, 5 ) (213)

In turn, this condition is equivalent to

@ if F > 0.50(P - c),
K € B(P—c)— ] 7

(m*, A ) if F € (0,0.50(P — c)),

where )
O(P—c)—AF . V177
m if F' e (O, z 161 9(P-C)i|
K** — a(P—C)—F é2§(P—c)
(P—c)-F . _ — _
F1o(P—c) if F e (7 féﬁH(P —¢),0.50(P — c))

This leads to Claim 1.

Claim 2. In the separating equilibrium, E[U"] strictly decreases in & if and only if v
strictly decreases in k.

Proof. Let us first show necessity. By Lemma 23 we have
E[U"] = max{¢,0.5(P +¢)}. (214)

Besides, 1) is continuous in k by Lemma 4. Hence, E[U"] strictly decreases in x only if ¢
strictly decreases in k.

Let us show sufficiency. Assume v decreases in x at some interval of x. By the proof of
Claim 1 this can only be the case if condition (205) holds, which implies by Lemma 21(ii)
that the equilibrium is efficient for any x in the considered interval. Then, by Lemma
21(iii) it holds E[U"] > 0.5(P + ¢), which implies by (214) that E[U"] = 1. Consequently,
since 1 strictly decreases in k in the considered interval, E[U"] should decrease in x in
this interval as well.

Claims 1 and 2 together lead to part (ii) of the proposition. m

Proof of Proposition 9. Note that generally, the expected utility of type 6 before his
informational state is realized is, by the law of total probability,

EU° @) = Y (Ux(6.n(m),I)Pr[mli*,6] Pr[i*))

i*e{G',N",B'}
= 0.5kF + 0.5k Pr[m|B’,0](F — On(m)(P — ¢))
+(1 — k) Pr[m|N', 0](F — 0.50n(m)(P — ¢)). (215)

Next, consider separately the pooling and the separating equilibrium.

(i) The pooling equilibrium.
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Claim 1. In the pooling equilibrium, if F > 0.50(P —c), then the sender is indifferent
over his probability of being informed.

Proof. If F > 0.50(P — c), then by Lemma 14 we have 52, = EZ/ = 0, so that all types
send message m. At the same time, it is easy to verify that n(m>\5§/:§fﬂ:é = 0.5. After

substituting this together with Pr[m|B’, 8] = Pr[m|N’,0] = 1 into (215) we obtain
E[U*(0)] = F —0.250(P — ¢),
which does not depend on k. Hence, the claim follows.

Claim 2. If F < 0.50(P —c), then 52, strictly decreases with k.

Proof. 1f F < 0.50(P — ¢), we have /9\1;, < 6 by Lemma 14. Then, by (153) and
(159) (9/0\2, /0K < 0 (where /9\;/ is differentiable). Consequently, since 52, is continuous in
k by Lemma 19 (and differentiable everywhere except for a finite set of kink points), 52,
strictly decreases with k.

Claim 3. If F < 0.50(P — c), then n(m]b\g,) strictly increases with k.
Proof. If F < 0.50(P — c), we have ﬁg, < 0 by Lemma 14. Then, by Corollary 1 it
holds r
n(mf0) = ——. (216)
O (P —c)

~P
This together with Claim 2 implies that n(m|0, ) strictly increases with x.

Claim 4. In the pooling equilibrium, if F < 0.50(P — c), then the sender’s expected
utility strictly decreases with x on (0,1) if 0 < 6 where § > 0 is some threshold
independent of k.

Proof. Note that F' < 0.50(P —c) implies /H\Z,(/{) < Eg,(;@) for any x € (0,1) by Lemma
14. Assume further that the sender’s type 6 is sufficiently low so that 6 < 52,(/@) < 511\3,,(5)
holds for any x € (0,1) (note that @I;(m) is bounded from 0 for any x by Corollary 1).
In turn, this implies that the sender sends message m in all informational states so that
Pr[m|B’, 0] = Pr[m|N’, 0] = 1. After substituting this into (215) we obtain

E[U*(0)] = F — 0.505(m)(P — c) (217)

for any x € (0,1). Then, given that the equilibrium level of n(m) strictly increases with
k by Claim 3, the claim follows.

— ~P —
Claim 5. If F < 0.50(P — c), then 0g(k) is bounded from 0 for any x € (0,1).
Proof. From (103) we obtain lim, on(m) = 0.5 (given that the limit of the
denominator is not 0 since 52, is bounded from 0). Then, by Corollary 1
F F _

~P
li / = = 21
0 (%) = o (P =) 05(P—c) - (218)

76



where the inequality is due to F' < 0.50(P — ¢) by assumption. From (218) and the fact

that 52,(/-@) is decreasing in x by Claim 2 it follows that 52,(1@') is bounded from @ for any
€ (0,1).

Claim 6. In the pooling equilibrium, if F < 0.50(P — c), then the sender’s expected
utility strictly increases with x on (0,1) for any 0 > «9 where § < 0 is some threshold
independent of k. W

Proof. Assume that the sender’s type 6 is sufficiently high so that 05 (k) < 6 < 0
holds for any x € (0, 1) (which is possible by Claim 5). This implies that the sender does
not send message m in state B’ so that Pr[m|B’, 0] = 0. Note that Pr[m|N’, 0] = 1, i.e.
the sender induces investment while being uninformed, if and only if his expected utility
from investment in state N’ is positive, i.e. if and only if F'—0.50n(m)(P —c) > 0. Denote
the sender’s expected utility conditional on investment in state N’ as

~P ~P ~P

Then, (215) implies

0.55F + (1 — rk)un/(0) if vn(0) >0,
E[U*(0)] = 220
Differentiating with respect to x and simplifying we get
OE[U*(0)] [ 05 (—UB,(Q) —(1—K)O(P —¢) 8’5@) if vne(6) > 0, 1)
Ik 0.5F if vy (6) < 0.

Clearly, E[U*(0)] is strictly increasing in x on (0, 1) in the second case. Let us also show
that E[U®(0)] is increasing in x for x € (0,1) in the first case, i.e. if vy/(0) > 0, if 0 is
sufficiently high. Note that in this case we must have 6§ < ng (since type 6 invests in
state N') so that

~P ~P

0 > 0505, > 0.50, (222)

where the first inequality is by Lemma 11. Next, by (103),

293/(1 K)+KO if k< 4F— 9(P c)

~P )
-~ — 051 (4—3K)+K0
n(m|0p) = g 0 a if g > A= 0(P ) (223)
n@B/+(2 K)0 F
5 ~P
Consider these two cases separately (excluding xk = %(P_C), where n(m|0g/) is

continuous but not differentiable in ).

_ _ ~P _
Case 1: k < &}P*C) s F < Hf;f. Then, we have 65 < 0.50 by Lemma 14.

Together with (222), this implies

7, € 0.50,0.50). (224)
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~P
Substituting the corresponding expression for 7(m|fg) from (223) into (220) (under
_p
893/)
ok 7’

_ ~P
and then taking the limit of the resulting expression as 6 converges to 6 (and hence 6,

assumption vy (0) > 0) and differentiating with respect to x (while using (159) for

converges to 0.50 due to (224)), we obtain

L AE[USO)] _ 30(P — o)

lim = e 0.5F > 0, (225)

P—c
4—kK

bounded from 0 for F' < @f:lf. Hence, there must exist #' < 6 (independent of k) such
that w > 0 for any 6 > ¢’ and any x in the considered case, unless the derivative
of w with respect to # may converege to positive infinity. Yet, this is excluded by
(221) given that vp/(0) is bounded and % > 0 by Claim 3.

Case 2: Kk > M# = F € (0£=5,0.50(P — ¢)) (given the initial restriction of
Claim 6).

~P _
Then, we have 05 € (0.56,0) by Lemma 14. Note that in this case the equilibrium

~

~P
condition w(f /) = 0 yields a closed-form solution for 0, :

where the inequality follows from F < 0 by assumption. Moreover, this expression is

i _ FO(2 — k)
B 9P —¢) — Fr'

(226)

~P
Substituting this together with the corresponding expression for 7(m|f /) from (223) into
(220) (under assumption vy/(f) > 0) and differentiating with respect to x, and then
taking the limit of the resulting expression as # converges to 6, we obtain

dE[US(0)] (P —¢)%0° —2F*(1 — k)k — F(2 — k + k2)(P — ¢)f

li = —
s dk 22— k)2(P — )b ’

which can be shown to be always strictly positive for F' < 0.50(P — ¢). Moreover, by

the same argument as in Case 1, there must exist #” < 6 (independent of k) such that
dE[U*(9)]
drk ~ -
In sum, Cases 1 and 2 imply that there exists § < 6 independent of k such that
B0, 7

> ( for any 6 > 0" and any x in the considered case.

(where it exists) for any # > 6 and any x (as far as vy/(6) > 0 still holds).

Given that 2O - 0 for any x € (0,1) as far as vy/(6) < 0 by (221), we obtain that
w > 0 for any 6 > 0 and any x € (0,1) whenever this derivative exists.

~P
Finally, note that n(m) is continuous in x by (216) and the fact that 6, is continuous
in x by Lemma 19. Consequently, by (220), E[U*(#)] is also continuous in x. Given that

E[U?*(0)] is also differentiable in x except on a finite set of kink points, while w >0

for any 0 > 0 and € (0,1) where differentiable (as shown above), Claim 6 follows.
Part (i) of the proposition jointly follows from Claims 1, 4 and 6.

(ii) The separating equilibrium.
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~S ~S _

Claim 7. 05 weakly increases with k, and strictly so if and only if 05 < 0.
~ Proof. Consider the separ%ting equilibriurrg under different values of F. IfSF >
M(:%), then by Lemma 17 65, = 0 so that 905, /0rk = 0. If F < w =0z <0

2— —K
~S ~S
(by Lemma 14), then by (197) and (211) 065, /0x > 0 (where 65 is differentiable).
Consequently, since /9\3, is continuous in x by Lemma 19 (and differentiable everywhere
~S

except on a finite set of kink points), 05 weakly increases with x, and strictly so if and
~S —
only if 65 < 6.
-~
Claim 8. n(m|fp/) is continuous in k.
~S
Proof. By Lemma (6), n(m|0g/) is generally given by
Pr[m|G'|k + Pr[m|N'|(1 — k)
(Pr[m|G’] + Pr[m|B'])k + 2Pr[m|N'](1 — k)
-~
Oni (1 — k)
=5 ~5
~ S
min {9, 293,} (1— k)

= , (227)

0k + 2min {é, 252/} (1—g)

S
n(mllg) =

~ 35 . . .5
where the last equality is by Lemma 11. Hence, n(m|fg ) is continuous in 5. At the

~

same time, 0z is continuous in x by Lemma 19, which leads to the claim.

~ S . .
Claim 9. n(m|0z) strictly decreases with k.
Proof. Note that by Corollary 2 it holds in the separating equilibrium

~S _
- < if 0, <0,
n(Filfy) = L (228)

n(|f) = =5 i 3, = 0.

Note that both functions strictly decrease with x (with the first one by Claim 7). At the
~ S . . . 5. .
same time, 7(m|f 5 ) must be continuous in « by Claim 8. Note also that 6, is monotonic

in k by Claim 7. Hence, 77(T7L|§B,) strictly decreases with .

Claim 10. In the separating equilibrium, the sender’s expected utility strictly increases
with k for any 6.
Proof. Denote again the sender’s expected utility conditional on investment in state
i* € {B',N'} as
~S S S
i (0) = Ui (0, n(m|0p), I) = F — Pr[B|i*]0n(m|0p) (P — ¢). (229)

By incentive compatibility, Pr[m|B’] = 1 if and only if vg/ () > 0, while Pr[m|N'] = 1 if
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and only if vy/(6) > 0. Then by (215),

0.5kF 4+ 0.5kvp(0) + (1 — k)vy(0) if vp(0) >0,
EU*(0)] =< 0.5:F + (1 — r)uy(0) if vp(0) <0Avn(0) >0, (230)
0.5xF" if UN/(Q) < 0.
Differentiating with respect to x and simplifying we get
. 0552220 (1 — 1) 2020 £ 4,5, () > 0,
OB _ 1 0505 (0) + (1 — 5)2529) if 1 (6) < 0 6) >0 231
o = 0Oum(0) + (1 —r) =5 i up () <OAUN(0) 20, (231)

0.5F if vy (6) < 0.

Note that —0.5vp/(0) in the second case is positive given that vg () < 0 in this case. At

~ SN . . .
the same time, for any i® € {B’, N’} we have (in cases where 7(m|6z) is differentiable in

K)

-~
0v;s (0 , on(m|6 g
Ua;{( ) _ _puBlp — C)% >0,
where the inequality is by Claim 9. Thus, by (231), w > 0 (where it is differentiable)

~S
in all cases. This together with the fact that E[U*(#)] is continuous in & since n(m|6z )
is continuous in k by Claim 8 (while E[U?®(0)] is also differentiable in x except on a finite
set of kink points), implies that E[U®()] is strictly increasing in .

Part (ii) of the proposition frollows from Claim 10. m

Proof of Proposition 10. Consider the game under outcome-based preferences.
Without loss of generality, we consider the pooling equilibrium (recall that all other
equilibria are payoff-equivalent by Proposition 1).

Claim 1. If an equilibrium is inefficient, then the receiver obtains an expected payoff
of 0.5(P + ¢). Any efficient equilibrium yields a strictly higher expected payoff.
Proof. The proof follows by the same arguments as the proof of Lemma 21(iii).

Claim 2. In any equilibrium, E[U"] = max{t,0.5(P + c)}, where

= k(0.5P + 0.5c%) +(1— @%0.5(13 + o).

Proof. The proof follows by the same arguments as the proof of Lemma 23 given Claim

Claim 3. 1 continuously increases in k.
Proof. We have

~ -~

v = k(0.5P+ 0.56%) +(1— ﬁ)%(O.BP + 0.5¢) (232)

min{é_, F/p} min{@,_QF/p}

= k(0.5P +0.5¢ 7

)+ (1—k) (0.5P 4 0.5¢), (233)
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where the last equality is by (20) and (21). Then,

%

— = —(P(f — min{0,2F/p}) — c¢(min{f,2F/p} — min{0, F/p})) > 0.

1
ok 20

Claim 4. E[U"] is non-decreasing in k.

Proof. The result follows directly from Claims 2 and 3.

Claim 5. E[U?| is non-decreasing in k.
Proof. By the law of total probability,

EU©) = > (Ux0,n(m),I)Priml|i*, 0] Pr[i*])
i*e{G/,N",B'}
= 0.5kF + 0.5k Pr[m|B’, 0](F — 0p)

+(1 — k) Pr[m|N', 0](F — 0.50p).
Then, redefining
vis(0) = U (0,1) = F — Pr[B|i®)0p,
analogously to (230) we obtain
0.5kF + 0.5kvp(0) + (1 — k)un:(0) if vp ()

EU*0)] =< 0.55F + (1 —r)on(0) if vp/(0) <0 Avn(0)
0.56F if vy (0) < 0.

> 0,
> 0,

Differentiating with respect to x and simplifying yields

0 if vy (6) > 0,
= —0.51)3/(0) if ’UB/(Q) <O0A ’UN/(Q) >0,
0.5F if vy (8) < 0.

OE[U*(8)]
Ok

Note that in the second case —0.5vp/(f) > 0 since vp/(f#) < 0 in that case.

w > 0 in all cases.

The statement of the proposition follows from Claims 4 and 5. m
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(235)

(236)

(237)

(238)

Thus,



